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Introduction. 



PROJECTIVE NORMALITY OF MODEL VARIETIES 
AND RELATED RESULTS 

PAOLO BRAVI, JACOPO GANDINI, ANDREA MAFFEI 

Abstract. We prove that the multiplication of sections of globally generated line bundles on a model 
wonderful variety M of simply connected type is always surjective. This follows by a general argument 
which works for every wonderful variety and reduces the study of the surjectivity for every couple of 
globally generated line bundles to a finite number of cases. As a consequence, the cone defined by a 
complete linear system over M or over a closed G-stable subvariety of M is normal. We apply these 

ff^ ' results to the study of the normality of the compactifications of model varieties in simple projective 

spaces and of the closures of the spherical nilpotent orbits. Then we focus on a particular case proving 

^~v , two specific conjectures of Adams, Huang and Vogan on an analog of the model orbit of the group of 

p^ . type Eg 

u 

< 

m 

CN ■ Let G be a complex linear algebraic group, semisimple and simply connected. A G- variety M is called 

wonderful of rank n if it satisfies the following conditions: 

^^ [ - M is smooth and projective; 

- M possesses an open orbit whose complement is a union of n smooth prime divisors (the boundary 
divisors) with non-empty transversal intersections; 

- any orbit closure in M equals the intersection of the prime divisors which contain it. 

Examples of wonderful varieties are the flag varieties, which are the wonderful varieties of rank zero, 
and the complete symmetric varieties introduced by C. De Concini and C. Procesi [K], which we will 
rather call adjoint symmetric wonderful varieties. Wonderful varieties were then considered in full gen- 
erality by D. Luna, who started a program of classification in terms of combinatorial invariants [31] . 
^ . Consider the following. 

l/^ • Question. Let M be a wonderful variety and, for C,C' G Pic(M), consider the multiplication map 

2 ; mcc ■■ r(Af, c) r(M, C) —> r(M, c ® £')■ 

tH- I Is mc.c surjective for all globally generated £, C'l 

-Y-\ ■ In the case of a flag variety, the answer to the previous question is afhrmative, indeed by the Borel- 

Weil theorem r(Af, £) is a simple G- module for all C £ Pic(Af). In the case of an adjoint symmetric 
wonderful variety a still affirmative answer was given by R. Chirivi and the third named author in |13) 
with an inductive argument. In the special case of the wonderful compactification of an adjoint group 

p\^ , (regarded as a symmetric G x G-variety) the same was obtained by S.S. Kannan [23_ with a more direct 

M ' method. In general, when all the above-mentioned multiplication maps are surjective, it follows that 

- ■ ■ the image of M in the dual projective space of the complete linear system associated to any globally 

generated line bundle is projectively normal. 

Another remarkable class of wonderful varieties is that of the model wonderful varieties, introduced 
by Luna [32] . Given a central subgroup F C G, a model homogeneous space for the algebraic group 
Gr := G/r is a quasi-affine homogeneous space G/H such that T C H and the coordinate ring C[G/H] 
is a model of the representations of Gp in the sense of I.M. Gel'fand (see [3], [20]; [2])! that is, C[G/H] 
is isomorphic as a G- module to the direct sum of all the irreducible representations of Gp . The model 
homogeneous spaces for Gp were classified in .32, Luna constructed a variety Mq°'^, which is wonderful 
for the action of G, whose orbits parametrize the model homogeneous spaces for Gp- Varieties of 
the shape Mq°'^ for some central group F C G are called model wonderful varieties. Given a model 
wonderful variety Mq°'^ , we say that it is of simply connected type if Af ™°'^ and A/™°'^ are G-equivariantly 
isomorphic. For G almost simple, it follows by Luna's description that Mq°'^ is not of simply connected 
type if and only if Gp = S0(2r -I- 1) (in which case G — Spin(2r + 1) and F ~ Z/2Z is the center of G). 
We will prove the following. 



Theorem A. Let M be a model wonderful variety of simply connected type. The multiplication oj global 
sections 

mcx' ■■ r(M, C) ® r(A'f , £') — > T{M, C ® C) 
is surjective for all globally generated line bundles C,C' on M. 

This is false if M is a model wonderful variety not of simply connected type. Indeed, in case M = 
^SOC2r+i) ^^^ multiplication of global sections mc,c' is surjective for all globally generated line bundles 
£,£' on M if and only if r < 4 (see Section I^TTj) . This is essentially a consequence of the fact that the 
tensor product of an almost simple group of type B^ does not satisfy the saturation property in the sense 
of A. Klyachko (see [37] and [35]) ■ 

Theorem A will follow from a general argument which works for every wonderful variety M and reduces 
the surjectivity of the maps mc.c for all globally generated line bundles £, £' on M to the surjectivity of 
a finite number of couples. In order to better explain this general reduction, we introduce some further 
notation. 

Fix a Borel subgroup B C G and a maximal torus T C B. Denote by E the set of G-stable prime 
divisors of M and by A the set of i?-stable prime divisors of M which are not G-stable: since M possesses 
an open S-orbit, A is a finite set. Then the Picard group Pic(M) is freely generated by the line bundles 
Cd with £) e A and the free group ZS embeds in Pic(Af), so that we may regard ZE as a sublattice of 
ZA. Moreover, via the isomorphism Pic(M) ~ ZA, the semigroup of globally generated line bundles is 
identified with the semigroup NA. We denote by Ce the globally generated line bundle associated to an 
element E e NA. Define the following partial order relation on NA: 

E s^T^F if £; - F e NS. 

This partial order is tightly related to the isotypic decomposition of the spaces of global sections of the 
globally generated line bundles on M, which we may always assume linearized (see ProDOsition ll.il) . 

In case M is the wonderful compactification of the adjoint group Gad regarded as a G x G- variety, 
then S is naturally identified with the basis of the root system of G, while A is naturally identified with 
the set of the fundamental weights of G. More generally, this is true whenever M is a non-exceptional 
symmetric wonderful variety, in which case it always exists a root system $x; (the reduced root system) 
such that E is a basis of <I>s and A is the corresponding set of fundamental weights. This is no longer 
true in the case of a general wonderful variety: while it always exists a root system $2 C ZA with E 
as set of simple roots, the fundamental weights of $s associated to E may differ from A. Therefore we 
may think the couple (E, A) as a generalization of a root system. 

Suppose that E,F ^ NA are such that E <y: F and there is no D with E <x; D <y, F: then we say 
that F — E & NE is a covering difference. The set of the covering differences is finite and in the case of 
an usual root system it was studied by J.R. Stembridge in |36| . 

For an element E = X^dpA ''^dD G ZA, define the positive part E^ — '^^ . q f^D-D and the height 
ht{E) — J2dgA "£*• ^^ prove the following. 

Lemma B (see Lemma l2.4p . Let M be a wonderful variety and let n be such that ht(7^) ^ n for every 
covering difference 7. If the multiplication map 

mc^x^ ■■ r(M, £e) «) r(M, Cp) -^ r(Af, £e+f) 
is surjective for all E, F £ NA with ht{E + F) ^ n, then it is surjective for all E, F G NA. 

We will use Lemma B to prove Theorem A. We will first study the covering relation in the case of 
a model wonderful variety proving that ht(7+) ^ 2 for all covering differences 7, then we will study 
the multiplication maps rncE.Cp in the fundamental cases E,F £ A. The fact that ht(7+) ^ 2 for all 
covering differences 7 is an easy exercise in case the couple (E, A) corresponds to a root system, and as 
far as we know it could be a general fact which holds for all wonderful varieties. 

Proceeding inductively on the partial order ^s, it is easy to reduce the surjectivity of the multiplication 
map mcE,CF for every E,F £ NA to the fact that some special submodules of T{AI,Ce+f) occur in 
the image of rncE,CF- This leads to the definition of low triple (see Definition 12. 3p . which was already 
introduced in |13j to treat the case of an adjoint symmetric wonderful variety. To prove Lemma B we 
will show that it is possible to treat inductively (w.r.t. the height) the low triples of M. 

The first part of the paper is entirely devoted to the proof of Theorem A and Lemma B. In Section 1 
we fix the notation and recall some results about the wonderful varieties and their line bundles. In 
Section 2 we define the low triples and prove Lemma B. In Section 3 and in Section 4 we focus on 
the case of a model wonderful variety, first classifying the covering differences and then classifying the 
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low fundamental triples and studying the associated inclusions. To check the inclusions arising in the 
exceptional group cases we use the computer. 

In the second part we have collected various consequences of Theorem A and Lemma B in different 
directions. 

In Section 5 we prove the surjectivity of the multiplication for a very special class of wonderful varieties, 
the comodel wonderful varieties, whose colors and spherical roots can be seen in a parallel with those of 
the model wonderful varieties for groups of simply- laced type (Theorem 15. ip . 

In Section 6 we explain how in general the surjectivity of the multiplication map can give information 
on the normality of the closure of a spherical orbit in the projective space of a simple G-module. 

In Section 7 we use our results (see Theorem 17. 1|) to study the normality or the non- normality (which 
are already well-known) of spherical nilpotent orbit closures, as they are cones over orbit closures in the 
projective space of a simple module. In particular, we reobtain the normality of the model orbit closure 
of Eg (see [T]). 

In Section 8 we concentrate on this model orbit of Eg. Following J. Adams, J-S. Huang and D.A. Vo- 
gan Jr. in [1], we also consider an analog this model orbit. More explicitly, we consider a iiT-orbit, where 
K is the complexification of the maximal compact subgroup of the split real form of Eg. Then K is 
the fixed point subgroup of an involution of Eg, this involution passes to the Lie algebra and K acts on 
the eigenspace p of eigenvalue —1. Our X-orbit here is just the intersection of the model orbit with p. 
Moreover, in this very special case, it turns out to be a comodel orbit, that is, related to the comodel 
wonderful K-vaviety in the same way in which a model G-orbit is related to the model wonderful G- 
variety. For the closure of this comodel orbit we prove the normality and describe the coordinate ring 
(Theorem 18. 6p . Furthermore, we describe the space of iiTK-finite vectors of the unitary representation of 
the split real form of Eg that should be associated to this comodel iiT-orbit via the so-called orbit method 
fThcorem l8.10p . Both descriptions were already present in [T] as consequences of some conjectures, which 
as far as we know are still open. 

In Section 9 we give the above mentioned counterexample to the surjectivity of the multiplication in 
the case of a model wonderful variety of not simply connected type, and this leads us to discuss some 
general properties of the multiplication map. 

Aknowledgments. The paper was partially written during a staying of the second author in Erlangen- 
Niirnberg Universitat between March and October 2012, partially supported by DAAD fellowship A- 
10-85040. He is grateful to the Emmy Noether Zentrum and especially to Friedrich Knop for warm 
hospitality; also, many thanks are due to Friedrich Knop for fruitful discussions. 



1. Generalities. 

Let G be a simply connected semisimple algebraic group over an algebraically closed field of charac- 
teristic zero, fix a maximal torus T of G and a Borel subgroup B D T. For any group K we denote 
by X{K) the multiplicative characters of K. We denote also by X{T)^ the set of dominant characters 
w.r.t. B and if A G X{T)~^ we denote by ^(A) an irreducible representation of highest weight A and by 
—A* the lowest weight of V{X). We denote by S the set of simple roots. 

Let M be a wonderful G- variety with (unique) closed G-orbit Y. By |30J, M is spherical, i.e. it 
possesses an open i3-orbit, say B • a;o C G • a;o C M. We denote by H the stabilizer of xq in G. 

1.1. Colors and spherical roots. Since B ■ xq is affine, G ■ xq \ B ■ xq is a union of finitely many 
S-stable divisors and we denote by A the set of their closures in M: 

A = {D C M : D is a S-stable prime divisor, DnG ■ xq ^ 0}. 

The elements of A are called the colors of AI. 

Denote by B^ the opposite Borel subgroup of B and let yo d Y he the unique i3~-fixed point of M. 
The normal space of Y in M at yo, Ty^M/TygY, is a multiplicity- free T- module. Set 

S = {T- weights of Ty„M/Ty„Y} : 

the elements of E are called the spherical roots of M and they naturally correspond to the local equations 
of the boundary divisors of M, which are G-stable. If cr G S, we denote by M"^ the associated boundary 
divisor of M such that TygM/Ty„M'^ is the 1-dimensional T-module of weight a. 
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1.2. Picard group and Cartan pairing. Recall that every line bundle on M or on Y has a unique 
G-linearization. 

We may identify Pic(y) with a sublattice of X{T) and Pic(G • xo) with X{H) (see [l^): we identify 
C G Pic(y) with the character of T acting on the fiber of C over yo, and we identify C E Pic(G • xq) with 
the character of H acting on the fiber over xq ■ 

Consider now the maps uj : Pic(M) — > X{T) and ^ : Pic(Af ) — > X{H) defined by the restriction to 
the closed and to the open orbit. We may regard Pic(M) as a sublattice of X{T) x X{H) by identifying 
C G Pic(M) with the couple {uj{C),^{C)) (see flU]). Moreover, we have the following exact sequence 

— > ZE — > Pic(M) — > X{H) — > 0. 

As a group, Pic(M) is freely generated by the equivalence classes of line bundles Cd '■= 0{D), for 
D e A (see Proposition 2.2]). For aU E G ZA, the associated line bundle Ce ■= 0{E) is globally 
generated (resp. ample) if and only if i<^ is a non-negative (resp. positive) combination of colors. We set 

ujE = oj{Ce), (,e = £.{^e)- 

There exists a natural Z-bilinear pairing (called the Cartan pairing of M) 

c : ZA X ZE — >Z 

which maps the couple {D,(7) to the coefficient of [AI°'] along [D]. So, regarding ZS as a sublattice of 
ZA, for a G ZS we have 

DeA 

1.3. Global sections and multiplication. We now recall the description of the space of global sections 
r(M, £) of a line bundle C. Notice first that since M is spherical the decomposition of r{M,C) into 
G- modules is multiplicity free for all C G Pic(il/). If i? G NA then Ce is generated by global sections. 
In particular r{M, Ce) must contain a copy of V{uje) (which is the space of sections of Ce on Y), hence 
uje is dominant. We denote by Ve the unique simple G-submodule of T{M,Ce) of highest weight uje- 
Notice also that the image of xq in P(r(Af , Ce)*) is a point fixed by H. In particular, since BH C G is 
open, it follows that the space of spherical vectors 

V{oJ*E)fJ = {ve V{lo*e) ■■ hv = iE{h)v Vh G H} 

has dimension one and we denote by He a generator of this line. 

If 7 = ^ aaC G NE, we denote by s'^ G r(M, Cmi) a section whose divisor is equal to M'^ — ^ UaM'^ . 
Notice that this section is G-invariant. Recall, as defined in the introduction, that we say that F ^^ E 
a E — F E NE. If £■ G NA and E ^s F the multiplication by s^^^ induces a G-equivariant map from 
the sections of Ce to the sections of Cp, in particular we have s^~^Ve C r(M, £i?). 

Proposition 1.1 (9, Proposition 2.4]). Let F G ZA. Then 

r{M,CF)^ s'^-'^Ve. 

EGNA-.E^sF 

li E,F G NA, consider the multiplication of sections 

mE,F : r(M, Ce) ® r(Af, Cp) ~^ r(Af, Ce+f). 
A way to translate the description of this map into a problem on spherical vectors is the following. 

Lemma 1.2 (15, Lemma 19]). Let D,E,F e NA be such that D sCs -B + i^. Then s^+^-^Vd C VeVf 
if and only if the projection of hE CS) hp G V{lli^) (E) V{LUp) onto the isotypic component of highest weight 
uj*]j is non-zero. 

1.4. Distinguished sets of colors. Let M' be a wonderful G- variety together with a surjective equi- 
variant morphism : M — > M' with connected fibers and denote A^ C A the set of colors which map 
dominantly onto M' . Then the semigroup 

(NE)/A^ = {7 G NE : c{D, 7) - VZ? G A^ 

is free and its basis, which we denote by E/A^, coincides with the set of spherical roots of Af ', while the 
set of colors of M' is identified with A \ A^. 

Conversely, if Aq C A, then there exists a wonderful variety M' (unique up to isomorphism) together 
with a surjective equivariant morphism (j) : M — > M' with connected fibers if and only if Aq is distin- 
guished ([31 Theorem 3.1]), that is, there exists an element D G N>oAo such that c{D,a) ^ for every 
cr G E. 



If Aq C A is distinguished, then we say that the associated wonderful variety M' is the quotient of 
M by Ao, denoted by M/Aq. 

Recah the fohowing general fact. 

Proposition 1.3. Let X,Y be normal varieties and suppose that (j) : X — >■ Y is a surjective proper 
morphism with connected fibers. If C d Pic(y), then T{Y,C) = T{X,(p*C). 

li E = J^DeA'^oD G ZA we define Supp(_E), the support of E, as the set of colors D such that 
an 7^0. 

Corollary 1.4. Let E G NA and suppose that Aq is a distinguished subset of A such that AonSupp(_E) = 
0. Then T{M, Ce) = r(Af/Ao, Ce)- 

1.5. Parabolic induction: spherical roots and colors. We describe now a standard way to construct 
a wonderful variety for the group G from a wonderful variety for a Levi subgroup of G. 

Let L be a proper Levi subgroup of G which is standard w.r.t. the choice of S as set of simple roots. 
Let Q be the parabolic subgroup associated to L and containing S, and let Q^ be the opposite parabolic 
subgroup. Denote by Rq and Rq the solvable radicals and by Uq and Uq the unipotent radicals of Q and 
Q", respectively. Finally let L^^ be the semisimple part of L and denote by Lad = L^^/Z{L^^) — L/Z{L) 
the adjoint quotient of L. 

Let A^ be a wonderful variety for the group Lad, hi^ particular it is a wonderful variety for L where 
Z(L) acts trivially. Extend the action of L on N to Q^ , with Uq acting trivially, and define the parabolic 
induction of N as 

M = Gxq- N. 
We have a projection tt : M — > G/Q~, N is the fiber over Q~ and moreover it is the set of points of M 
fixed by Uq. One can easily show the following properties. 

(1) M is a wonderful G- variety. 

(2) The intersection of a subset of A/ with N induces a bijection from the set of G-stable subsets of 
M to the set of i-stable subsets of N. For every spherical root a of M we denote by N"' the 
intersection M"' D N. 

(3) The restriction of line bundles from M to N induces an isomorphism p between the class groups 
of linearized line bundles PicG(M) and Pici(A^). 

(4) We have an injective map e from the set A(7V) of colors of N to the set A(Af ) of colors of M 
given by e{D) = B- D for aU D G A(iV). 

(5) The exact sequence — > X{L/L^^) — > Picl{N) — > PicLaa[N) — > has a natural splitting 
given by [D] i—> [£{D)] for every color D of N. 

(6) If D G A{M) \ e(A(iV)) then the restriction of 0{D) to A^ is a trivial line bundle on N. 

(7) The set of colors e(A(7V)) is distinguished and M/e{A{N)) ~ G/Q-. 

(8) Since L^^ is simply connected we have Pic(A^) ~ PicLBs(A^). 

Although wonderful varieties have been defined for semisimple groups, in this case it is convenient to 
look at N as an L-variety and to consider L-linearized line bundles on N. The definitions given for a 
wonderful variety can be extended to this situation. We define 

E = {T-weights of Ty„N/Ty,L ■ yo} , 

where we recall that yo is the point of M fixed by i3~, hence L • yo is the unique closed orbit of N. 
The set E is in correspondence with the set of L-stable divisors and in particular a is the T-weight of 
TygN/TygN'^. Moreover, we have that E equals the set of spherical roots of M and every element of E 
is a sum of simple roots of L. 

By the above properties (3) and (4) for every color D in A(iV) we have a canonical choice of a 
linearization of the associated line bundle and we have a natural decomposition 

FicL{N)^X{L/L'^)(B Z[D]. 

DeA(N) 

For aU ct G E, [iV^] = Y.DeAiM)(^iD,a)p{[D]). If C,C' e PicL(A^) we define C ^s C if, using the 
additive notation, C — C = '^a^-O^N'^) with Oo- ^ for all a, similarly to what we have done in 
Section [1.3l In this way Proposition 11.11 holds without any change. 

It is easy to see when a G-wonderful variety M can be obtained by parabolic induction. Let P^ 
be the stabilizer of yo and let S'p the set of simple roots that are in the set of roots of P~ . As- 
sume that S' = SP U SUPP5E 7^ S and let L be the standard Levi subgroup associated to S' . Let 
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Q, Q-,Rq,Rq, Uq, Uq,L'''', Lad be defined as above. Set A = {D e A : \i P^ ■ D ^ D then a e S'}, 

then A is a distinguished set and M/A = G/Q~ . Moreover, N — M Q is a wonderful variety for Lad 
and M is obtained by paraboUc induction from N as above. 

1.6. Parabolic induction: global sections. Let now M be obtained by paraboHc induction from TV 
as above. Let A1 be a fine bundle on M and denote by Af its restriction to N. We want to compare the 
sections of M and J\f. The restriction of sections induces a map rj^ : r{M,M) — > r{N,Af). Notice 
that U -N is a dense subset of M, hence the restriction of r^vi to T{M, A4)^ is injective. We first describe 
the kernel of r^ . 

Let M = Cf, then T{M, TW) = s^'^Ve where the sum is over aU E eNA such that F >s E. For 
each E e NA set We = Ve"^ ■ This is an irreducible L-submodule with the same highest weight of Ve- 
Let Ie be the L-stable complement of We in Ve- 

Lemma 1.5. We have 

_EgNA:B^eF 

Proof. By the above discussion it is enough to prove that rcE{lE) = 0. Let u be a highest weight vector 
(for the action of L) in Ie of weight A. Then uj{E) — X — J^aes^aCt with Oq, ^ N. If S' is the set of 
simple roots for L notice that, since v € Ie, there exists a G S \ S' such that a^ ^ 0. On the other 
hand, by the generalization of Proposition 1 1.1 1 for N discussed in the previous section, the weights of the 
highest weight vectors in r{N,CE) are of the form cue — /? with /3 e NS'. In particular we must have 
rcAv)=0- □ 

Since the restriction commutes with the multiplication we deduce the following. 

Proposition 1.6 ([13, Proposition 2.9]). For all E,F £NA and 7 £ NS, s'^ Ve+f-i C VeVf if and 
only if s'^ We+f—^ C WeWf- 

In particular, using the property (6) of the previous section, we have the following. 
Corollary 1.7. For all D e N(A \ A) and E e NA, VdVe = Vd+e- 

2. Projective normality and the covering relation. 

2.1. The covering relation. Let {uja : a G 5} be the set of fundamental weights w.r.t. the simple 
roots S. 

For all A — J^^a^a G X{T), denote by Supp(A) the set of a G S* such that /cq, / and define its 
positive part A^", resp. its negative part A^, as the dominant weights 



A^ = > ka^a and A = A^ — A. 



A;„>0 

If A e <Y(T) + , define also the height of A as the number ht(A) = J2aes ^°^- 

Suppose that A and /z are dominant weights with X < fi (w.r.t. the usual dominance order) and 
suppose that there is no dominant weight v such that X < i^ < fi: then one says that /x covers A and 
we call ^ — X a. covering difference in A'(T)+. Notice that an element 7 G NS' is a covering difference in 
X(T)^ if and only if 7+ covers j~ . Although the following proposition is an immediate consequence of 
[361 Theorem 2.6], here we give an easy independent proof. 

Proposition 2.1. //7 G N5 is a covering difference in X{T)~^, then ht(7+) ^ 2. 

Proof. Let 7 G NS* be a covering difference and suppose that a G S is such that (7"'",a^) ^ 2: then 
7+ — a G X{T)^, hence it must be 7 = a and ht(7+) — 2. Hence we may assume that (7"'",a^) ^ 1 
for every a £ S. Suppose that ht(7+) ^ 3, (up to reindexing the simple roots) we can take ai,aj G 
Supp5(7+) with i < j such that {a^, . . . ,aj} generates an irreducible subsystem of type A: then 7+ — 
{ai + ■ ■ ■ + aj) G X{T)~^ and it follows 'f — ai + ■ ■ ■ + aj and ht(7+) = 2 (a contradiction). D 

We now consider the covering relation in the more general context of wonderful varieties. Let M be a 
wonderful variety with set of spherical roots S and with set of colors A. For all E — J2d£A^dD G ZA, 
define its positive part E^ and its negative part E~ as 

L;+ = ^ koD and E' = E+ - E. 

ko>0 



li E E NA, define the height of E as the number ht{E) = J^deA^d- On the other hand, for aU 
7 = X^o-es '^'^'^ ^ ^^ define its Ti-height as hts(7) — J2aes '^<^- 

Let E and F be m NA with E <y. F and suppose that there is no D G NA such that E <y, D <y. F: 
then we say that F covers E and we cah F — E a. covering difference in NA. Again, 7 G NE is a covering 
difference in NA if and only 7"*" covers 7". 

Remark 2.2. Notice that there are only finitely many covering differences. Indeed, consider the lattice 
X = {iD,E) G ZAxZA : ^-Z? G ZE} and the rational cone X+ = {{D,E) G NAxNA : D-E eNT,}. 
If 7 is a covering difference then (7''',7~) is an indecomposable element of X^ . 

Finally the number of indecomposable elements in X+ is finite and can be controlled as follows: let 
£i,...,£t be the half-lines generating the cone, let Vi = {Di,Ei) be a generator of £i D X+ and let 
n, = ht{D,) + ht{E,). Then if {D, E) is indecomposable \A{D) + \ii{E) < Y.i "-»• 

As already said in the introduction, in the case of a non-exceptional symmetric wonderful variety, 
there exists a root system $s (the restricted root system) which is generated by the spherical roots and 
such that A is naturally identified with the set of fundamental weights of ^s and the pairing between E 
and A is the Cartan pairing of $5]. Although E is always the basis of a root system $s, in the general 
case it is not possible to identify A with the fundamental weights of $s: in particular, it may happen 
that ZE C ZA is not a sublattice of finite index and that the semigroup of radical dominant weights 
of $5] is not even contained in NA. However, one can consider the property of Proposition 12.11 without 
modifications in this context: 

(2-ht) If 7 G NE is a covering difference in NA, then ht(7+) < 2. 

Notice that by the above discussion the property (2-ht) holds if M is a non-exceptional symmetric 
wonderful variety. In the case of the exceptional symmetric wonderful varieties the same argument works 
without serious complications. In the subsequent section we will show that it is true also in the case of 
a model wonderful variety (of simply connected type). We have also checked many other examples and, 
as far as we know, it is possible that it holds for all wonderful varieties. 

In analogy with the case of a root system, we say that an element D G NA is minuscule if it is minimal 
w.r.t. the partial order ^s. 

2.2. Projective normality. The notion of low triple has been introduced in [T3] in the case of a 
symmetric wonderful variety. Here we will use the same terminology with a slightly weaker definition. 

Definition 2.3. Let M be a wonderful variety with set of spherical root E and with set of colors A. 
Let D,E,F € NA be such that F ^^ D + E. The triple (£>, E, F) is called a low triple if: 

for all D' s^s D and E' sC^ E such that F i^^ D' + E' , it holds D' = D and £" = E. 

The triple (Z?, E, F) is called a fundamental triple ii D,E E A. 

Notice that ff (£», E, F) is a low triple, then s^+^-^Vp C r(Af, Cd)T{M, Ce) if and only iis^+^-^'Vp C 
VdVe. 

Lemma 2.4. Let M be a wonderful variety and let n he such that ht(7^) ^ n for every covering difference 
7- // 

(1) s^+^-^Vf c VdVe. 

for all low triples (D, E', F) with ]\t{D + E) ^ n, then the multiplication map 

mD,E ■■ r(M, Cd) ® r(M, Ce) -^ r(M, Cd+e) 

is surjective for all D, E £ NA. 

Proof For any D G ZA let To = T{M,Cd). For any triple {D,E,F) we will show that s^+^^-^Vf C 
TdTe- We proceed by induction first on ht^{D + E - F) and then on ht{D + E). liht^{D + E-F) = 
the claim is trivial. 

If {D,E,F) is not a low triple then there exist D' ^s D and £" ^s E such that F !^ D' + E' and 
h.t^(D' + E' - F) < ht^{D + E - F). Hence the claim is true for {D' , E',F), and 

sD+E-Fy^ = sI'-D'+E-E',.D'+E'-Fy^ ^ S^-^'+^-^'Pz^-Fb- C TdTe- 

If {D, E, F) is a low triple and ht(_D + E) ^ n then the claim is true by assumption. 
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Assume now that h.t{D + E) > n and that {D, E, F) is a low triple. Let Fi be a divisor covered by 
D + E and such that Fi ^s F. Since ht(£' + £') > ht(7+) for every covering difference 7 £ NS, it follows 
that Supp(Fi) n Supp(i:) + E) y^0. Fix Dq G Supp(i^i) n Supp(i:) + E) and set 

(Di E,) = l^^' ^°' ^^ '^ ^° ^ Supp(£;) 
1 (-D, i? — Do) otherwise 

Choose F2 in NA minimal w.r.t. sC^ such that F-Dq s^s F2 ^s -Fi -£'o- Notice that h.t^{DQ + F2-F) ^ 
hts(Fi - F) <htY^{D + E - F). Moreover {Dq, F2,F) is a low triple; indeed if there exist F^ ^ F2 and 
Do ^ Do in NA such that F s^ D'f^ + F^ then 

F^j:D'^ + F^ ^s D^ + Di + Di sJs i? + D. 

Since {D,E,F) is a low triple, we get Dq = Do, while since F2 is minimal we get Dj = D2. Hence, by 
induction, it follows that s^o+^^-^Vp c VdoVf^- 

Notice that we have hts(Di + Di - F2) ^ hts(D + D - D) and that ht(Di + Di) = lit(D + D) - 1, 
hence we can apply the inductive hypothesis to (Di , Di , D2 ) . So 

,D+E-Fy^ = ,D,+E,-F,^^D„ + F.-Fy^ ^ sD.+E.-F..y^^y^^^ ^ T^^Te^Vdo C TdTe- □ 

Together with Remark l2.21 the lemma implies that to prove the surjectivity of rao,E for all D,E E NA 
it is enough to check a finite number of cases. In particular if the property (2-ht) holds, it is enough to 
check the above inclusion ([1]) only for the low fundamental triples. 

In Section 19.11 we will show that there exist wonderful varieties possessing low fundamental triples 
{D,E,F) such that s^+^^^Vp (^ VdVe'- in particular the multiplication of sections of line bundles on 
a wonderful variety is not necessarily surjective. 

3. The covering relation for model wonderful varieties. 

As said in the introduction, a model homogeneous space for a reductive group G (not necessarily simply 
connected) is a quasi afhne G-homogeneous space whose coordinate ring is a model representation of G: 
each irreducible representation of G appears exactly with multiplicity one. By [32], for every group G 
there exists a wonderful variety M such that for every model homogenous space G/Hq there exists a 
point in M whose stabilizer is equal to Na{Ho) and, viceversa, if H is the stabilizer of a point in M 
and we set Hq to be the intersections of the kernels of the multiplicative characters of H then G/Hq is 
a model homogeneous space. The variety M is called the model wonderful variety of G. 

Notice that Hq has no characters, hence the set of spherical vectors (i.e., the eigenvectors of H) in 
a G-module V can be also characterized as the set of vectors in V fixed by Hq and this space is one 
dimensional for every irreducible represention of G. 

The description of the model wonderful varieties of an almost simple group G (i.e., a non-commutative 
group having no proper closed connected normal subgroups) is given in [32] . For type B there are two 
different model wonderful varieties, according as G is isomorphic to the special orthogonal group or to the 
spin group. In all the other cases the model wonderful variety of G is the same as the model wonderful 
variety of the adjoint group of G. 

In this section we will describe the covering relation for a model wonderful variety M of simply 
connected type, and we will prove that the property (2-ht) holds in this case. For model wonderful 
varieties of simply connected type the set of colors A is in bijection, via u), with the set of fundamental 
weights, and the set of spherical roots E is the set of the sums a + /S with a, (3 non-orthogonal simple 
roots. 

Clearly, in order to study the multiplication of sections of line bundles and the partial order of 
dominant weights in the case of a model wonderful variety, we may reduce to the case of G almost 
simple. Moreover, if 7 = X^aes'^"'^ ^ ^^ ^^ denote by Supp5(7) the set of simple roots a such that 
Cq 7^ 0. Notice that if 7 is a covering difference in NA w.r.t. S, then Supp5(7) is a connected subset of 
S and 7 is a covering difference for the model variety of the simply connected group associated to the 
root subsystem generated by Supp5(7). Therefore, we will only classify the covering differences 7 such 
that Supp5(7) = S. 

In the following two sections, r will denote the semisimple rank of the group and A — {Di, . . . , D^} 
will be the set of colors, labelled in such a way that uj£i. is the fundamental weight w^. For simplicity we 
also set D; — for all i < and for all i > r. 



3.1. Type A^. r ^ 2. Let S = {cri, . . . ,ar^i} be the set of spherical roots where <7i = ai + a^+i. 
Proposition 3.1. Let 7 G NS be a covering difference in NA with Supp5(7) = S. Then either 

(1) r is even and 7 = X]I=i '^2i-i = Di + D^, or 

(2) r is odd and 7 — X]i=i '''* = -^2 + Dr-i- 

Proof. Set 7 = X]i=i "if^i = SLi CiA- Clearly, oi > 0. 

Assume first that a2 > 0. Take the maximum integer k such that at > for all z ^ fc. Then Cj ^ 

for all 3 ^ j ^ fc + 2 otherwise 7" + J2lZi o"* £ ^^■ 

If fc was < r — 1, then Cfe+i + Cfe_|-2 = — Ofe-i — afe+3 would be < 0, a contradiction. Therefore, 
Supps(7) = S. 

Now, since 7^ +X]i=i "'« ^ '^^i 7 niust necessarily be equal to X]i=i ^j which is a covering difference 
if and only if r is odd: indeed, if r is even, X]I=i '^22-1 £ NA. 

Assume now that 02 = 0. Take the maximum odd integer k such that a^ = for all even i < k. Then 
Cfe ^ otherwise 7^ + X^LT ^2i-i G NA. Furthermore, Ck-i ^ otherwise, reasoning as above, 

flj > for all j ^ k and 7" + J2l=k '^i ^ ^^■ 

If k was < r — 1, then Cfe_i + Cfe = —0^+1 would be < 0, a contradiction. Therefore, a^ > iff i is 
odd, and r is even. 

Now, since 7^ + X]I=i o'2i-i G NA, 7 must necessary be equal to X]i=i <''2i-i which is a covering 
difference. D 

3.2. Type B,.. r ^ 2. Let S = {cti, . . . ,0-^-1} be the set of spherical roots where ai ^ ai + ckj+i. 
Proposition 3.2. Let 7 G NE &e a covering difference in NA wit/i Supp5(7) = 5*. Then r is even and 

^r^r/2 n 

Proof. Set 7 = YaZi OiCFi == X]I=i ^iA- Clearly, a^-i > 0. 

Suppose that k < r is such that r — /c is odd and c^ ^ for every k < i < r with r — i odd. Then we 
have the inequalities (where a^ = if z ^ 0) 

flr-l ^ flr-S ^ Cir-2 ^ ar-5 ^ a,._4 ^ . . . ^ afe+2 ^ a/c+3 ^ O-k — Ofe+l 

and it follows that Oj ^ a^-i > for every j ^ k with r — j odd. In particular, k must be > 0. 

Let k be maximal with r — k odd and Ck > 0. Denote 70 = X^iLo crfe+2« = —Ck-i + Ck'- then 

7o ^s 7 and 7"*" — 70 G NA, hence it must be 7 = 70, k ~ 1 and r even. D 

3.3. Type C,.. r ^ 3. Let S = {cti, . . . , CTr-i} be the set of spherical roots where ai — ai + a^+i. 

Proposition 3.3. Let 7 G NS be a covering difference in NA with Supp5(7) = 5*. Then 7 = X]i=i "'« ~ 
A. 

Proo/. Set 7 = X]i=i ^if^i = Yll=i CiA- Clearly, a^-i > 0. 

Let k be maximal such that Ck > 0. Then we have the following inequalities (for k < r) 

It follows that Oi > for every k — 1 ^ i < r. Therefore, 7+ — J2iZk-i '^i = 1^ + Ck-2 — Ck ^ NA and 
we get k ^ 2 with 7 = X]i=i '''«■ '— ' 

3.4. Type D^. r ^ 4. Let E = {cri, ..., 0-^-1} be the set of spherical roots where ai — ai + cti+i if 
i < r ~ 1 and (7^-1 = ctr-2 + ctr- 



Proposition 3.4. Let 7 G NS be a covering difference in NA with Supp5(7) = 5*. Then r is odd and 

7 = Eii^^^^^ '^2J-l + E117j+^1V2 2'^2i-l + Crr-2 + ^r-l = £>! - A"-l + A" /"^ ^ odd !^ r - 2. 

Proof. Set 7 = X) '^i'^'i ~ Xi=i CiA- Clearly, ar-2 and a^-i must be > 0. 

One has Cr-2 ^ 1, otherwise 7+ — (—2I?r-3 + 21)^-2) G NA, thus 7 = — 2Dr-3 + 2£'r-2 = crr-2 + o'r-i, 

but Supp5(7) ^ S. Since Cr-2 = —ar-i + ar-3 + ar-2 + cir-i wc get 0^-4 > and moreover, if Cr-2 ^ 0, 

ar-4 > 1. 

We go on this way step-by-step. Let fc be < (r — l)/2. Assume ar-2i > for alH ^ fc and moreover if, 

1. 

for some j < k, Cr-2i ^ for all i ^ j then 0^-21-2 > 1 for all i ^ j. One has 2_/i=i Cr-2j ^ 1, otherwise 

there would exist 1 ^ zi ^ Z2 ^ ^ such that 7+ — (— £'r-2J2-i + -Dr-2i2 ^ -Dr-2ii-i + -02-241) '= NA, 
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(1) 


either 7 = (Ti + (72 + era + (74 + 175 = 


(2) 

f r - 


or J = 2(Tl + 2(72 + f73 + (74 + 2(75 = 

= 7 , 

7 = (7l + (72 + (74 + (75 + (76 = £>! 4 

either 7 = (7i + (72 + (73 + (74 + 2(75 


I r - 

(3) 

f r - 


(4) 


(5) 


or 7 = 2(7i + 2(72 + (73 + cr4 + 2(75 H 



thus 7 = -£',.-242-1 + ^r-2j2 - A--2n-l + D2-2ii = J2T=n + l '^r-2i + Y.\L2 2o'r-2j + Crr-2 + CTr-l, but 

Supp5(7) 7^ S*. Since 

k 

/ ^ Cr-2i = — ar-2fe-2 + ar-2fe-l + ar-2 + Or-l, 
1=1 

we get ar-2fe-2 > and moreover, if Cr-2i ^ for all i ^ k, ar-2fc-2 > 1- 

Therefore, we have that r is odd, J2i=i ^^-2; > 1 and 7 = -£'r-2i2-i+^r-2j2 ^-^'^-2^-1 + £'2-221 
with 1 ^ Ji =^ J2 ^ (^ — l)/2- Since Supp5(7) — S, we must have 12 = (^ — l)/2- D 

3.5. Type E^. 6 ^ r ^ 8. Let E — {cti, . . . ,(7^-1} be the set of spherical roots where ai = ai + 03, 
(72 ~ 0:2 + a^ and, for « J^ 3, ct^ = a^ + 0:^+1. 

Proposition 3.5. Lef 7 G NE 6e o covering difference in NA wzi/i Supp5(7) — S. 
Ifr = 6, 

--Di~D2 

+ (76 + (77 = Dg - £'2 

a^ ^ Di + Ds -Dr. 

Proof. Set 7 = I]I=i fli^i = I][=i Ci A for all i. 

Let r equal 6. Clearly, ai, 02, 05 are > 0. Moreover, ci + C4 + cq ~ 02. 

If C2 was > 0, then ci, C4, ce would all be ^ 0. Therefore, C2 ^ and a^ + a^ > 0. By symmetry, we 
can assume a^ > 0. 

Assume C4 > 0. Then C3 ^ 0. If a^ was zero, C2 + c;3 would be equal to ai (which is > 0). Therefore, 
a4 > and 7 = D4 — D2. 

Assume now C4 ^ 0. We can also assume cq > (by symmetry, if 04 > 0). Then both C3 and C5 are 
^ 0, hence 04 is > 0. Since C2 + C3 + C4 + C5 = 0, all q = 0, for 2 ^ i ^ 5. This implies ai, 02, 05 ^ 2, 
C6 ^ 1 (since {2ai + (72 + (74)+ = 2Di) and ci > 0. Therefore, 7 = Di + 1?6. 

Let r equal 7. Clearly, ai, 02, oe are > 0. Moreover, ci + C4 + ce = c'2 + ae- 

Assume a^ = 0. We get ci > 0. Then both C2 and C3 are ^ 0, hence 04 is > 0. Then cj ^ 0, hence 
05 > 0. Moreover, C4 ^ (since ((7i + (72 + (74)+ = Di + D4), ci ^ 1 (since (2(7i + (72 + (74)+ = 2Di) and 
C6 > 0. Therefore, j^ Di + Dq- D3. 

Assume now as > 0. If C4 was > 0, then both C2 and C3 would be ^ 0, hence 04 > 0. This would 
imply C7 ^ 0, hence ag > 0, which is impossible (since {ai + (72 + (73 + (74 + (75)+ — D4). Then C4 ^ 0. 

If ci was > 0, then both C2 and C3 would be ^ 0, hence 04 > 0. This would imply C7 ^ hence as > 0, 
and ci ^ 1 (since (2(7i + (72 + (74)^^ = 2I?i) hence cq > 0, which is impossible (since (cri + (73 + (74 + (75 + 
(76)+ = i^i + £'6). Then a s^ 0. 

If C6 was > 0, we would get C7 ^ 0, as > and C6 ^ 1, which is impossible (since ci + 04 + cq = 
a2 + fle ^ 2). 

Let r equal 8. Clearly, ai, 02, aj arc > 0. Moreover, ci + C4 + C6 + cg = 02. 

If C4 was > 0, we would get C2 ^ 0, 03 + 04 > 0, actually 03 > {a^ — would imply ci > 0, 
but also 04 > and ci ^ 0), hence C3 ^ 0, 04 > 0, C4 ^ 1 and ci ^ 0, therefore as > (since 
^2 + 04 — 05 = ci + C4 ^ 1), which is impossible (since ((7i + (72 + (73 + (74 + (75)+ = D4). Then C4 ^ 0. 

Assume cq > 0. Then 05 > (since oe > implies C7 ^ 0), hence both C2 and C5 are ^ 0. 

If as was zero, we would get ci > 0, 04 > 0, a6 > (since 05 + a6 = C2 + c^ ^ 0), which is impossible 
(since {ai + (73 + (74 + (75 + (76)+ = £>! + £'6). Then a^ > 0, hence C3 ^ and 04 > 0. 

If 06 was zero, since £^2 + C3 + C4 + C5 = — a6, all Ci would be zero, for 2 ^ i ^ 5. This would imply 
as J^ 2 (since — 2a2 + 05 = C2 + C5 = 0), on the other hand cg would be > 0, which is impossible (since 
((72 + (73 + 2(7s + (77)+ =: £)6 + £'3). Then a6 > 0, hence C7 < and 05 ^ 2. Therefore, 7 = ^6 — £'2- 

Assume now C6 ^ and ci > 0. Then both C2 and C3 are ^ 0, hence 04 > and cs ^ 0. If a6 was 
> 0, we would get C7 ^ 0, as > a6, 03 > (since — 203 + 05 — a6 = C2 + cs ^ 0), this would imply 
ai ^ 2 hence ci ^ 1 (since {2ai + (72 + (74)+ = 2£'i) and on the other hand 02 ^ 2 hence cg > (since 
ci + C4 + C6 + cg = 02), but this is impossible (since (2(7i + 2(72 + c^a + 0-4 + 2(75 + o'7)+ = £'1 + £'8). Then 
a6 = 0, hence 05 > and cg > 0. Furthermore, since c^ = for all 2 ^ i ^ 5, 03 > and ai, 02, 05 ^ 2. 
Therefore, 7 = £11 + £'8 - £'7. 
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Finally, assume both ci and cg ^ 0. Recall that C4 ^ 0, therefore cg ^ 02 > 0. Futhermore, 03 > 0, 
C7 ^ 0, as > 0, C2 ^ 0, C3 ^ and 04 > 0. Then 02 S^ 2, hence cg ^ 2, ay ^^ 2 and as ^ 2, which is 
impossible (since (0-2 + fa + 2(T5 + 20-7)+ = 2Z?8)- D 

3.6. Type F4. Let E = {cti, 1T2, fa} be the set of spherical roots where ai = ai + a^+i. 
Proposition 3.6. Let 7 e NS be a covering difference in NA with Supp5(7) = 5*. Then either 

(1) 7 = (Ti + (72 + 2fT3 = D^, or 

(2) 7 = 0-1 + <T3 = Di + i:>4 - D-i. 

Proof. Set 7 = aifji + a2CT2 + 03(73 — ciDi + C2-D2 + C3l?3 + C4D4. Clearly, ai, 03 > 0. 
Since (J2 — D2, C2 ^ 0. Then C4 > (since C2 + C4 = ai), hence a^ > a2- 
If a2 > 0, 7 = Da. If aa = 0, ci > and j ^ Di + D^ - D3. D 

3.7. Type G2. Let S = {a} be the set of spherical roots where cr = ai + a2- 

Proposition 3.7. Let 7 G NE be a covering difference in NA with Suppg(7) — S. Then j — a — 
D2-D1. 

The proof is trivial. 

4. Low FUNDAMENTAL TRIPLES FOR MODEL WONDERFUL VARIETIES. 

In this section we will classify all the low fundamental triples for the model wonderful varieties of 
simply connected type, and prove that these triples all satisfy the condition ([T|) of Lemma [^^ As in the 
previous section, we can restrict ourselves to the case of an almost simple group G. As we will see in 
the proof of Theorem A at the end of the section, it is enough to consider only low fundamental triples 
(D, E, F) such that Supp5(I? + E-F) = S. 

We keep the notation of the previous section. We denote by H the stabilizer of a point xa in the open 
orbit of M and by Hq the intersection of the kernels of the multiplicative characters of H. 

4.1. Type A,. 

Lemma 4.1. Let (Dp, Dq, F) be a low fundamental triple with Suppg(I?p + Dq — F) — S . Then F — 
and p + q = r + I. If moreover r is odd, then p and q are even. 

Proof. Notice that every fundamental triple is low: indeed, by ProDOsition l3.1l for every 77 G NE covering 
difference in NA one has ht{r]~^) = 2, hence every color is minimal in NA w.r.t. ^s. Therefore, we only 
need to compute the fundamental triples {Dp., Dq, F) with Suppg{Dp + Dq — F) = S. 
Take a sequence 

F = F„ <E F„_i <s...<sFo = Dp + Dq 

such that Fi E NA and 7^ = Fi^i — i^; is a covering difference for every i ^ n. By Proposition 13.11 it 
follows that if 7,^ = -Fi-i ^ Ds+ Dt (with 1 ^ s ^ f ^ r) then ^^ — Fi = Dg-j + Dt+j (with j equal to 
1 or 2). Therefore, Supp5(7„) = Supp5(Dp + Dq - F) ^ S, F = j- = and q = r + l-p. 

If r is odd, all the covering differences ji — Fi^i—Fi are of type Proposition l3.1l f2). then p is even. D 

Proposition 4.2. Let r be odd and let {D, E, F) be a low fundamental triple with Svippg{D + E — F) = S. 
Then .s^+^-^Vf cVdVe- 

Proof. By the previous lemma, {D, E, F) — {Dp, Dr+i-p, 0) and p is even (as well as r + 1 — p). 

Set Aodd = {Di S A : z is odd}; the subset Aodd C A is distinguished and the quotient M' = A//Aodd 
is a symmetric wonderful variety (with spherical roots a2k-i + 2a2fc + a2fc+i). 

By CoroUarv 11.41 together with the surjectivity of the multiplication map in the symmetric case 

r{M,CD)T{M,CE) = r{M',£D)T{M',£E) = r{M',CD+E)=T{M,CD+E)- □ 

Proposition 4.3. Let r be even and let {D, E, F) be a low fundamental triple with Supp5(D+£'— F) = S. 
Then s°+^-^Vf C VdVe- 

Proof By Lemma liH we have F = and V{u:e) ^ V{ud)*, hence V{uid)* «> V{ue)* ^ End{V{uJD)). 
If r is even, the stabilizer H oi a, point in the open G-orbit of M is the normalizer in G of Sp(r) 
and in particular is reductive (see [31]). Therefore, the one-dimensional iJ-submodules of V{ujd)* and 
of V{uje)* associated respectively with D and E are dual to each other, hence we may choose the H- 
eigenvectors He) € V{u!d)* and hE G V{uje)* — V{ujd) in such a way that hE){hE) = 1. If we complete 



He and hjj to dual bases {/i£;,wi, . . . ,w„} C V{ujd) and {h]j,vl, . . . ,w*} C F(w£))*, then the identity 
Id G End(y(ajc)) is a G-invariant element which, as tensor, is described as follows: 

n 

Id = /iD (g) /iB + ^ Vi ® Vi. 

Therefore, /lu ® He has a non-zero projection on the isotypic component of highest weight zero and by 
Lemma [Ql we get that s^+^Vn C VnVp. D 

4.2. Type B^. 

Proposition 4.4. There are no low triples {D, E, F) with fTr-i G Suppj;(_D + E — F). 

Proof. Set 

^even ^ {o, E A : r - iis cvcn} 

^odd = {7:»,^ £ A : r - i is odd} 
If i^ <s D + E with cr^_i e Snpp^{D + E-F), then Supp(i:> + ^)nA°'i'i ^ 0. Indeed, ii Sn-p-p{D + E) 
was included in A''™", take a sequence 

F = F^<^ F„_i <s . . . <s ^0 = I) + ^ 

of coverings in NA: every covering difference 7^ = F,;_i — i^i would necessarily be of type Proposi- 
tionO(2), hence a^-i ^ Supps(-D + E - F). 

Let fc < r be the maximum such that Dk G Supp(^ + F) f] A°^'^. SetL' + £;-^ = 7 = X^I^i^ aj^j. 
Since c{'-f,Di) ^ for every k < i < r with r — i odd, as in the proof of Proposition 13 . 21 it follows that 
flj ^ a^-i > for every j ^ k with r — j odd. 

Denote 70 = EILo''"^^^^ ^fc+2^ = -Dk-i+Du and i^' = £> + £;- 70. Then F' e NA and F <s i^' <e 
D + E. Set 

fn' FM = / (^"^"'^) ifi^fcGSuppp) . 
'^ ' -* \ (i:>,F-7o) otherwise 

then £>' sJs D, E' sJs -E and F i^^ D' + E' <^ D + E, hence (£>, E, F) is not a low triple. D 

4.3. Type C^. 

Proposition 4.5. There are no low triples (D, E, F) with o"r-i G Supp2(-D + E — F). 

Proof. Let D,E,F e NA with F <^ D + E and cr^-i £ Supp5^(i:' + £■ - F). Denote fc < r the 
maximum such that D^ e Supp(_D + E). Reasoning as in the proof of Proposition 13. 3[ it follows that 
Ui G Suppj^(Z) + E — F) for every fc — 1 ^ i < r. Therefore, if we set 70 = X]I=fc-i '^i ~ ^-Dfc-2 + D^ 
a.nd F' = D + E- 70, then F' e NA and F ^j: F' < D + E. Set 

p-7o,F) if Z?fc e Supp(F) 



^ ' '^ I (£>, F-70) otherwise 

then £>' sJs £>, E' sJs F and F <e £>' + £" <s -D + E, hence (Z?, F, F) is not a low triple. D 

4.4. Type D^. 

Lemma 4.6. Let {Dp, D^, F) be a low fundamental triple with Suppg{Dp + Dq — F) = S . Then p, q, r 
are odd, p, q ^ r — 2 and either 

(1) p + q^r -I with F = Dp+q^2, or 

(2) p + q = r + l with F = A-i + -Dr- 

Proof. Notice that, as in type A, every fundamental triple is low. Therefore, we only need to compute 
the fundamental triples {Dp, Dq,F) with Supp5(_Dp + F>g — F) = 5. Assume p ^ q. 
Take a sequence 

F - F„ <s F„_i <^...<^Fo^Dp + Dq 

such that Fi e NA and 7^ = Fi_i — F^ is a covering difference for every i ^ n. Recall the classification 
of covering differences of Propositions 13.11 and 13.41 

{1) p,q ^ r — 2. If q was equal to r — 1 then {r — 1) — p should be non-zero and odd, thus 71 = 
—Dp-i + Dp + Dr-i — Dr and Fi = Dp-i + D^, which is impossible since the distance between the 
vertices r and p — 1 is even. By symmetry, the same argument works if g = r. 

(2) q ~ p is even, li q — p was odd, there would exist i such that Fi is Dpi + 2Dqi with q' equal to 
r — 1 or r and (r — 1) — p' even, which is impossible. 
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(3) r — p is even (as well as r — q). Here again if r — p and r — q were odd, there would exist i such 
that Fi is Dp' + 2Dqi with q' equal to r — 1 or r and {r — 1) — p' even. 

Therefore, there exists i such that 7^ is of type Proposition 13. II f 2) for every j <i and 7^ is either of 
type Proposition [3?ll(l) or of type D. 

In the first case, Fj_2 = Dp' + Dg' with q' = r — 2 and p' + q' = p + q, Fi^i = Dp'^2 + 2I?g" where 
q" is equal to r — 1 or r. Then necessarily p' — 2 = 1 and F^ = F„ = -Dr-i + Dr- 

In the second case, Fi_i = Up' + Dq> with p' + g' = p + (7 and F^ = -Dp'-i +-Dg'-i. Then 7^ is of type 
Proposition l3.1l f2l for every j > i until F„_i = -Dp'- i-2A: + -Dq/_i-|_2fe where p' — 1 — 2/j = 2 (/c = n— 1 — i) 
and Fn is equal to either Dqr^i+2k+2 if 9' — 1 + 2A: ^ r — 5 or Dr-i + Dr ii q' — 1 + 2k = r — 3. D 

Proposition 4.7. Let {D,E,F) be a low fundamental triple with Supp5(£' + E — F) — S, then 
s^+^-'^VfCVdVe. 

Proof. We need an explicit computation. 

Denote by t/ = C^'' the first fundamental representation of G (that is, the standard representation 
of S0(2r)) and fix 6 e S^U a G-invariant non-degenerate symmetric 2-form. li W C U is a maximal 
isotropic subspace, we get then a decomposition U — W (B W*. Fix a non-zero vector cq ^ W and 
consider the corresponding decomposition U = V ® C cq ® V* ® C e^, where V^ C W is a complement of 
the line Ceo and where Cg G W* is defined by eo(eo) = 1, epj^ = 0. 

Then (see [32]) the Lie algebra [}o of Hq can be described as 

()o = 5p{V) ®V*® Skew(y, V*), 

where Skew(y, F*) C liom{V,V*) denotes the subspace of skew-symmetric linear maps and where f)o 
is embedded in 5o(U) as follows (here we denote by w = (v , Xeo , ip , fxeg) a generic element in [/ = 

V®CeQ®V*®Ce*o): 

- if / G sp{V), then fiu) = f{v) + f-^, 

- ii(j)& V*, then (j){u) = (j){v)eo - (A + /i)0 -t- (/)(w)eo, 

- if $ e Skew(y, y*), then $(u) = $(«). 

As already mentioned at the beginning of Section 3 every simple G-module possesses a unique ()o- 
invariant element. In particular, if we denote hi — eg — Cq € U and /12 G A'^V* a sp(y)-invariant 
non-degenerate 2-form, then hi € U^° and /12 G (A^t/)''''. In this way we may describe the ()o-invariant 
vectors in every exterior power A*t/ with i ^ r — 1. Set indeed 

/i2 '^ \i i = 2k is even 

ft-i Ah^^ iii = 2k + l is odd ' 

then hi e (A*C/)''o. 

Set Wo = and recall that if i ^ then 

^.^^r n^.) ifz^r-2 

[_ V{'jJr-i + Wr) if i = r — 1 

To conclude the proof, by Lemnia ll.2L we only need to show that, if z, j are odd integers with i+j ^ r-l-1, 
then there exists an equivariant projection tt : K^U ® K^U — > A'^~^^~'^U such that Tr(hi ^hj) ^ 0. Define 
TT as follows: 

7r((ui A ■ ■ ■ A Ui) (g) {wi A ■ ■ ■ A w-,)) = ^(-l)'*+*''5(u/j, Wfe)ui A • • • A u^ A • • • A w^ A • • • A Wj. 

Suppose that i,j are odd with i + j ^ r-l-1 and set k = {i + j — 2)/2. Notice that 7r(/ii Cg) /ij) = 
6(/ii,/ii)ft.2'^ -t- <7, where g e A*+-'^^t/ is hnearly independent with /i2'^: since b{hi,hi) ^ and since 
/i^'' 7^ 0, it follows then n{hi (g) h^) =^ 0. D 

4.5. Type E^. 

Lemma 4.8. The low fundamental triples (D, E, F) with Supp5(Z3 + E — F) ^ S are the following: 



Ifr = 7 
Ifr = 8 



{Di,D3,D2) (Di, 1)5,^3) (^1,^6,0) (D3,De,Dr,) [Dr^.D^.D^], 

{Di,De,D3) {De,De,D2 + Dr), 

iDi,Di,D2) {Di,D5,2D2) [Di^Dj^D^) {Di,Ds,Dr) {D^^^D^.D^) (i?5,^8, ^2 + ^7) 



{Dr,Df,,D2). 

After Proposition 13.51 the proof of this lemma is a quite long but trivial case-by-case computation, 
which we do not report here. 
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Proposition 4.9. Let {D,E,F) be a low fundamental triple with Supp5(I? + E — F) = S, then 

sD+E-Fy^ C VdVe. 

Let us first deal with the triple {Di,Dq,0) of Eg. The set Aq = {Z?2,-D3, 1?4, i^s} is distinguished 
and the quotient M' — M/Aq is a symmetric wonderful variety (with spherical roots {2ai + a2 + 2q!3 + 
2a4 + a5, Q!2 + 0:3 + 2^4 + 2aQ + 2ag). Therefore, we can conclude by Corollary II .41 and the surjectivity 
of the multiplication map in the symmetric case. 

For all the other triples of Lemma 14.81 we have to use Lemma 11.21 Since the dimension of the involved 
representations is quite high, we have used the computer and, more precisely, GAP 19i, a software for 
computations which contains built-in functions to construct and deal with representations of simple Lie 
algebras (see also [17J. 

Although the dimension of some of the involved representations is very high, we have succeded to 
make the computation accessible with a currently available home computer. A quite convenient tool is 
the quadratic Casimir operator c, which acts as the scalar (A + 2/9, A) on every irreducible representation 
V{X). Let {D,E,F) be a low fundamental triple, once the irreducible representations V^ and V^ are 
constructed, and the vectors hu and He are explicitly found, it is tipically enough to project ho hs 
onto the eigenspace of c relative to {tOp + 2p,u!p), and there is no need to construct the whole tensor 
product V^^Vp. 

Sometimes for Eg the dimension is so high that it is even quite costly to construct the irreducible 
representation V^ itself {Vd^ has dimension 146,325,270). Here we use a further escamotage. The set 
Ao = {Di,D4,Dq,Ds} is distinguished and the quotient M' — M/Aq is the parabolic induction of a 
symmetric wonderful SL(8)-variety with spherical roots {ai + 2a3 + a4, a4 + 2a5 + ae, aQ + 2aT+as}- This 
means that, if D equals D3, D5 or D7, then ho can be choosen to be the Sp(8)-invariant vector in the 
simple SL(8)-submodule Wd C Vd of highest weight ujd- Furthermore, Vd^ and Vd^ are still accessible 
(the former has dimension 3875 and the latter is the adjoint representation), Vdj C A^ Vog , Vd^, C A^Vd^ , 
Vd3 C A^Fdj, and respectively WD^ C A^Wog, Wd^ C A'^Wd^, Wds C A^Wd^- Therefore, the vectors 
ho can be explicitly determined if D equals Di, D^, D5, Dj or Dg, and notice that this is enough to 
treat all the above triples. 

4.6. Type F4. 

Lemma 4.10. The only low fundamental triple {D, E, F) with Swpi>g{D + E — F) = S is (I?i, -D4, D3). 

The proof is trivial, after Proposition 13.61 
Proposition 4.11. s^i+^^-^-^Voa C Vd.Vd^- 

This can easily be checked via computer. 

4.7. Type G2. 

Proposition 4.12. There are no low triples {D, E, F) with {D + E — F) =1 0. 
The proof is trivial. 

4.8. Projective normality of model wonderful varieties. We are now ready to prove that the 
multiplication of sections on a model wonderful variety of simply connected type is surjective. 

A localization of a wonderful variety M is a G-stable subvariety of M, which is a wonderful G-variety 
by itself. Notice that we have a bijective correspondence between localizations of M and subsets of S. 
More precisely, for all subsets S' of E, the intersection of the boundary divisors M'^ for cr G S' gives a 
wonderful variety with E \ S' as set of spherical roots. 

Proof of Theorem A. By the classification of the covering differences given in the previous section, it 
follows that the model wonderful varieties of simply connected type satisfy the property (2-ht). Hence 
by Lemma [^^ it is enough to show the inclusion s^~^^~^Vf C VdVe for all the low fundamental triples 
{D, E, F). Here we only need to show that we can reduce to the low fundamental triples {D, E, F) such 
that Supp5(Z) + E — F) = S, whose case has been proved above in this section. 

Let {D, E, F) be a low fundamental triple, denote j ^ D + E — F and 5" — Supp5(7) and suppose 
that S' ^ 5*. Let Q be the parabolic subgroup associated to 5" and set G' = Q/Rq. Since {D, E, F) is a 
low triple, it follows that S' is connected, hence G' is an almost simple group. Consider the localization 
M' of M with E' = {cr G E : Supp5(cr) C S'} as set of spherical roots. Then M' is the parabolic 
induction of the model wonderful G'-variety N of simply connected type. 



The restrictions Pic(M) — > Pic(Af') and Pic(M') — > Pic(iV) identify Pic(iV) with a sublattice of 
Pic(M). More precisely, if A C A is the set of colors D such that ojg = uja for some a S S", then Pic(Af) 
is identified with ZA. Moreover, an element of ZA induces a globally generated line bundle on N if and 
only if its coefficients are non negative. If _D G NA, set W^ = V-'^ . 

Notice that D,E E A and consider the difference F = D + E — jE ZA (where 7 is regarded as sum 
of spherical roots of A'' hence as an element of ZA). Since {D,E,F) is a low triple in NA, it follows 
that {D,E,F) is a low triple in NA. Since Suppg, (7) = S", we have that s'^Wp C WdWe, therefore 
Proposition II .61 imphes that s''Vf C VdVe with respect to the multiplication map m'jj ^•. T{M' ,Cd) ® 
T{M',£e) — > ^{M' ,£d+e)- This concludes the proof, since the latter is just the restriction of the 
multiplication map mo^E ■ r(M, Co) «) r(M, Ce) — > r(M, Cd+e)- □ 

Let M be a wonderful variety and let iV be a quotient of M. Then the pull-back of line bundles 
identifies Pic(A^) with a sublattice of Pic(M) and a line bundle C G Pic(7V) is generated by global 
sections if and only if its pull-back (which we still denote by C) is. Moreover, by Corollary 11.41 we 
have T{N,C) = r{M,C). It follows that if C,C' E Pic(iV) are generated by global sections and if the 
multiplication r{M,C) T{M,C') — > r(M, £ (g) C) is surjective, then the multiplication r{N,C) (g) 
r(7V, C) — > r(iV, C ® £') is also surjective. 

Let now TV be a localization of M and let C, C E Pic(M) be generated by global sections. Then 
the restriction of sections to N is surjective, therefore if the multiplication T{M, C) (E) r(M, C) — > 
T{M,C (g) jC') is surjective, the multiplication r(7V,/:|j^) (g T{N,C'\n) — > r(7V,/:|j^ g) £'|^) is also 
surjective. If moreover M is a model wonderful variety of simply connected type, then the restriction 
of line bundles induces an identification Pic(Af) — Pic(Af ) for every localization N C M, and the line 
bundles generated by global sections are also identified. The same is true whenever Af ' is the quotient 
of a localization of a model wonderful variety of simply connected type and N' is a localization of A/'. 
Therefore proceeding inductively we get the following corollary of Theorem A. 

Corollary 4.13. Let N be a wonderful variety obtained by a model wonderful variety of simply connected 
type via operations of localization and quotient by distinguished sets of colors. Then the multiplication 
map 

mcx' ■■ r(Af, C) (g r(iV, C) — > T{N, C (g C) 

is surjective for all the line bundles C, L' E Pic(Af) generated by global sections. 

5. Projective normality of comodel wonderful varieties. 

Motivated by an application that we will illustrate below in Section [51 here we will study the surjec- 
tivity of the multiplication of sections in another class of wonderful varieties, which we call comodel. 

Let G be simply connected of simply-laced type, and fix T and B as usual. Let M be a model 
wonderful variety of G, with set of colors A (in bijection with the set of fundamental weights), set of 
spherical roots S and Cartan pairing c: A x E — > Z. Let G^ be a simply connected group whose root 
system is isomorphic to <I>s, the root system generated by S. Once fixed T^ and i?^, its set of simple 
roots 5"^ is thus in bijcctive correspondence with E. Then there exists a comodel wonderful variety of 
G^, that is, a wonderful variety A/^ for the action of the group G^ whose set of spherical roots E^ is 
equal to the set of simple roots S*^ of G^, its set of colors A^ is in bijective correspondence with A and, 
under these correspondences, its Cartan pairing c^ : A^ x E^ — > Z equals the Cartan pairing c of the 
model wonderful variety Af . In this case the type of G will be called the cotype of Af^. 

Forgetting the model wonderful variety, in the following M will be a comodel wonderful variety of G, 
H will denote the stabilizer of a point xq in the open orbit of A/, and Hq the kernel of its multiplicative 
characters; t)o will denote the Lie algebra of Hq in the Lie algebra g of G. 

The comodel wonderful varieties correspond to the following cases in [3]. 

- Cotype tK2m'- type Am_i x A^, case S-5. 

- Cotype A2m+i: type A^ x Am, case S-4. 

- Cotype D2m- type A,„_i x D^, case S-10. 

- Cotype D2Tn-i-i: type Am~i x D,„+i, case S-11. 

- Cotype Eg: type A5, case S-50. 

- Cotype E7: type Ag, case S-49. 

- Cotype Eg: type D7, case S-58. 
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An explicit description of the corresponding subgroups H can be found in [S] . 

The colors of M will be enumerated as in the corresponding model wonderful variety. Similarly, we 
denote by hi £ V^ the H-semiinvariant associated to Di. This vector will be invariant under Hq. 
More explicitly, set the map to as follows. 

- Cotype A2m: ^{Di) = uj'i, uj{D2i) = Wj + u;,- for i < m, uj{D2i-i) = Wj^i + w^' for i > 1, 

- Cotype A2m+i: ^(Di) = ^i, ^{D2i) = t^i + w,', ^(-021-1) = ^i + t^j_i for 1 < i < m + 1, 

- Cotype \^2m'- ^{Di) = wi, uj{D2i) = cj,; + cj,- for i < m — I, uj{D2i-i) = uji + (^i-i for 1 < i < m, 

^{D2m-2) = (^m-1 + ^',n-l + ^m ' Uj{D2„i^l) = Uj'^_i, w(£'2m) = ^^ • 

- Cotype D2,n+i: w(£)i) = ijj[, uj{D2i) = oji + to'^ for i < m, u}{D2i-i) = (jJi-i + w- for 1 < z < m, 
uj{D2m-i) = w„_i + u;,;„ + cj^+i, uj{D2m) = w^, a;(£)2m+i) = w;„+i- 

- Cotype Ee: cj(Di) == uj2, ^(02) = W3, ^(ZJs) = uj2 + i^5, ^0(04) = lui+uj^+uj^, ^(1)5) = W1+W4, 
^(De) = W4. 

- Cotype E7: a;(Di) = ^3, ^(£12) = ^4, uj{D3) = ^3 + ^6- ^^(-04) = uj2 + ^i + ^e, ^{Ds) = cj2+'i^5, 
^(De) =0Ji+ 0J5, uj{Dj) = wi. 

- Cotype Es: uj{Di) = ^3, ^(£12) = ^4, a;(L»3) =uj3+ujg, uj{D4) = a;2 + '^4 + '^6, '^(-Ds) = '^2+'^5, 
^(ZJe) = wi + W5, u{Dj) = wi + CLI7, ^(Dg) = CLI7. 

Since the Cartan pairing of the comodel wonderful varieties is the same as that of the model varieties, 
the classification of the covering differences is also the same and the property (2-ht) holds. As we will 
see at the end of the section, in order to apply Lemma 12.41 it is enough to test the surjectivity on the 
same low fundamental triples arising in Section |4] in the model case. 

In the computations below we use the following conventions. We denote by ei, . . . , e„ the standard 
basis of T^ = C" and by </?i , . . . , (y9„ the dual basis. We also denote by ei^ij...^^, the vector e^j A e^^ A 
• ■ • A Ci^ G K^V and similarly for (piii2...ik- On V ® V* is defined the symmetric bilinear form {u,(p) ■ 
{v,tp) — V^i^) + 4'{u)- A pairing between A'^V and A'^~'^V is defined by {x,y) = -^^^ and we denote 
by 7fe: A''V — > A""''^* the associated map. We also identify Vi (g) V2 with Hom(yj^*, V2) in the usual 
way, and ii Vi = V2 = V we identify S'^V and A'^V with symmetric and antisymmetric linear maps in 
Hom(y*,V). 

Starting with the vector space V we will construct a new vector space W = V ® V* (B Z as the direct 
sum of V, V* and another piece Z that will be zero, one or two dimensional. In particular the dual of 
W can be identified with V* (BV (B Z* . Once a basis of Z is fixed, say zi, . . . , zt, we will denote the dual 
basis of ei, . . . , e„, (pi, . . . , (^„, zi, . . . , Zt by 64, . . . , e* , (p*, . . . , v?* , Zi, . . . , z^. 

For a vector space U we have contraction maps k]j : A^U (8) A^U* — > A^^^U ® A^^^U* given by 

k]j {ui A ■ ■ ■ A Ui (g) ipi /\ ■ ■ ■ A ipj) ~ 

^{-l)''+^ipi{uk)ui A • ■ • A Ufc A • ■ • A Ui ® (pi A ■ • • A (^j A ■ • • A (/?j. 

In particular we set K(j = tif/ . 

Similarly, for a vector space U with a symmetric bilinear form ( , ) we have k^: A^U ® A^U — > 
A'+^-'^U such that 

k^{ui A ■ ■ ■ A Ui (B vi A ■ ■ ■ A Vj) = 

^(-l)''+'(ufc,z;;)Mi A ■ • • Aufe A • • ■ A M.J A wi A ■ • • A-O; A • ■ ■ A Wj. 

k,l 

5.1. Cotype A^. We test the triples of Lemma 14. II {Dp,Dr+i-p,0) where, if r is odd, p is even. 

If r is odd, the set Aodd of odd-indexed colors is distinguished and the quotient is a symmetric 
wonderful variety, so the surjectivity follows as in Proposition 221 

If r is even, H is reductive and the surjectivity follows as in Proposition 14.31 

5.2. Cotype D^. We test the triples of Lemma [4.61 {Dp, Dq, F) where p, q, r are odd, p,q ^ r — 2 and 
either 

• p + q ^ r — I with F = Dp^q^2, or 

• p + q = r + 1 with F = D,—! + £>,-. 

Let m > 1 and set r = 2m + 1. Let F = C", and set W = F © C e © T^* ® C e. On VF is defined a 
quadratic form such that V and V* are orthogonal to e and e, moreover (e, s) — \ and (e, e) = (e, e) = 0. 
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Let G = SL(y) X Spin(W^). Notice that we have a natural immersion of SL(y) in Spin(W^). Consider the 
action of A'^VonW which is zero on y , e and e and whose action on V* is given by the identification of 
A'^V with the antisymmetric maps from V* to V. Consider also the action of F on T^ given as follows: 
a v,u eV and ip eV* then 

V ■ u — V ■ e — V V ■ ip = —ip{v){e + s) v ■ e — v. 

This define an embbeding of [}o = 5^{V) K'^V © V into g such that f)o turn to be a subalgebra of g. 
Let now Di ~ Di for i odd or for i ^ 2m while let D2m ~ D2m + £'2m+i- We have 

y? = A'V* (g) A'W V^ = A'V* (g) A'+'^W. 

The f)o-invariants in V^ are generated by the vector /i2i corresponding to the identity element in 
A^F* (g) AW C AW* (g) A'-W. Similarly the f)o-invariants in Vg are generated by the vector /i2i+i = 
h2i A (e — e). So that we have 

h2z^ Y^ 'Pji...h^ej,...j^ and /i2i+i = Yl '/'ii-J. ® (^ii-J. ^ (^ - s)). 
Finally if p = 2t + 1 and q ~ 2s + 1 then the projection $ : y? (E)V^ — > V^ is given by 

Up Uq Up-^q — 2 

^ {{x (E) w) (E) {y (g) z)) = X A y (g) k\^'^ ""^^ {w ® z) 
for X e A*y*, y e A^'V"*, w e A*+^Ty and z e A^'+'^W . A direct computation shows that 

<^{hj, ® h,) = (-l)*+^+i2 ("* + '") hj,+,_2. 

5.3. Cotype Eg. Let V = fC? andW = V® V*. Let g = sl{W) and [)o = s((T^) © S^F where the action 
of s\{V) is the natural one and the action of S'^V is given by b ■ {v, (p) = {b{(p), 0) while the action on 
W* ^V* ®V is given by b ■ {ip, v) = (0, -b{ip)). 

We analyze the triples of LemmalMl {Di, 03,02), {01,0^,0^), {Oi,Oe,0), {0^,0^,0^), {0^,0^,02). 

The set of colors {Z?2, £'3, £^4, £'5} is distinguished and the associated quotient is a symmetric won- 
derful variety, so the third triple follows as in Proposition 14.21 Therefore, by symmetry it is enough to 
analyze the last two triples. We need to compute /13, /15, /ig- 

We have V^ = A^W. Looking at the action of s\{V) we find only one invariant inV E)V* C A^W 
corresponding to the identity in End(F*). Hence we get /ig = ei A (/3i + 62 A (^2 + 63 A (/^a. 

The representation V^^ is contained in A'^W g) W* and it is the kernel of kw- It contains two 
invariants under the action of 5{{V): x G A^V ®V ~ End(T^) and y G A^V* g) F* ~ End(l/*). Notice 
that A^W (g W* — V^ (BW so both x,y &V^ . Moreover the action of S^F on a; is clearly trivial while 
it is not on y. So we have /15 = ei2 (S> ip^ — 613 ig ip2 + 623 g) (pi- 

Similarly we have V^^ = ker kw C A'^W* © W and ft-3 = ^3*2 © 63 - ipl^ © 62 + (P23 © ei. 

5.3.1. Analysis of the triple (1)5, Dg, D2)- We have VjJ^ = A^W. Consider the map <&: A'^W © A^T^^ © 
W* — > A^W given by 

^{x ^y ig tp) — Kw{x ig ip) Ay 
for x,y € A^W and ip £ W* . A direct computation shows that ^{hg © ^,5) — 3ei23 7^ 0. 

5.3.2. Analysis of the triple {03,0q,0^). Consider the map <&: A^W ® A^W* ®W — > A^W ®W* given 

by 

<i>((a; A y) © ((/3 A -0) © w) = {kw{x Ay©(p)Aw)©V' — ('«iy(a; A ?; © -0) A w) © (^ 
for x, y, w G ly and p,ip £ W* . A direct computation shows that $(/i6 ^ ^3) = 2 ^15. 

5.4. Cotype E7. Let V = C^ and set T4^ = F © F* © Ce, [)o = s[(^) ® S^y © A^y ® y and g = 
5[(W^). Recall that we identify S^V ffi A^ with the decomposition of Hom(y*, V^) into symmetric and 
antisymmetric matrices. We have an action of f)o on W given as follows. Let {a,b,uj,u) £ f)o and 
{v, ip, Ae) G W then 

a ■ V = a{v) b ■ V — lu ■ v — u ■ v — 

a ■ ip = —a^{(p) b ■ (p — b{ip) ui ■ ip — uj{(p) u ■ (p — 

a ■ e — 6-e = uj ■ e = 7(w) u • e — u 
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where 7 = 72 : A^F — > V* is defined as above. This defines an immersion of t)o into s[(Vl^) whose image 
is closed under the Lie bracket. Indeed, if (a, b, to, u), (a', b' , u', u') G f)o then: 

[a, a'] = aa' — a' a; [a, b] = ab + ba^; [a, oj] = aoj + wa*; [a, u] = a{u); [b, b'] — 0; 

[6,w] = 6(7H); [b,u]^0; [w,w']=0; [oJ,u] = 0; [u,u']^0. 

It is also useful to write the action on W* which is given as follows. We have W* — V* (B V ® C e* , 
then 

a ■ If — ~a*{if) b ■ If — —b{ip) to ■ ip — uj{ip) u ■ (p ^ —ip{u)e* 

a ■ V = a{v) b ■ V — uj ■ v — — (w, v)e* u ■ v = 

a ■ e* — b ■ e* = uj ■ e* = j{uj) u ■ e* = u 

The triples of Lemma ITSl are {Di,De, D3) and {Dq, Dq, D2 + Dj). 

5.4.1. Computation of hi. The representation associated to Di is A'^W^. Looking at the action oi sl{V) 
we get three invariants: the vector x e A'^V €5 A'^V* corresponding to the identity in End(A^y), the 
vector y = 6123 A e S A^V (8) C e and the vector z — (^123 A e £ A^V* d^Ce. Hence the invariant is a linear 
combination of these vectors. A small computation shows that 

hi ^ 2y - X ^ 2ei23 A e - ei2 A ipi2 - 613 A 1^13 - 623 A i^23- 

5.4.2. Computation ofh^. The representation associated to Dq is the kernel of the map kw in A'^W'^W* . 
In A'^W (X) W* there are five invariant vectors under s[(F): xi £ A'^V (E)V,X2G A'^V* ® V*, yi £ 
{V ^<Ce) ®V'\ y2 e {V* ACe) (^V &nA z £ {V ^V*) ®Ce* . A smah computation shows that 

hQ = 2x1 + z = 2 ei2 ® (ySg - 2 ei3 ig) (y32 + 2 623 iX) y^t + (^i A ipi) ® e* + (e2 A 932) ® e* + (53 A (^3) ® e* . 

5.4.3. Analysis of the triple {Di, Dq, -D3). The representation associated to the color D3 is the kernel of 
the wedge product in W (g) A'^W — > A^W. We consider the map $ : A^W ® A'^W (g) W* — > W A^W 
given by 

$(u ® (vi A V2) i»(p) =ViiS> (n'^iu iSxp) A V2) -V2<S> (n'^iu ^ (p) A Vi). 
A direct computation shows that 

$(/ii ® ha) = -4(ei (g) (ei23 A pi) + 62 (6123 A P2) + 63 ® (ei23 A ps)) ^ 0. 

5.4.4. Analysis of the triple {Dq, Dq,D2+Dj). The representation V^ +_d associated to the color _D2+£'7 
is the kernel of the map k^ : A^W ® W* — > A'^W. We consider the map * : {A'^W ® W*) ® (A^VF g) 
W*) — > A^W g> W* given by 

*((u g)p) ® {v (gi V')) = (u A Kw{v ® p)) ® -0- 

A direct computation shows that 

^{hG(g,h6) = -6ei23®e* e ^^2+D7- 

5.5. Cotype Eg. Let V = C, and set W = V ® A^V ®V*=X®Y(BZ. On W^ it is defined a 
non-degenerate symmetric bilinear form such that V (BV* is orthogonal to A^V and such that restricted 
to V^ F* and to A'^V is the one introduced at the beginning of this section. 

Let A be the kernel of the wedge product V ® A'^V — > A^V and set t)o = sl(y) (S A® A'^V. There is 
an action of f)o on W given as follows. Let (a, b, a) G f)o and {v, uj,p) G W then 

a • w = a{v) b ■ V ~ a • v = 

a ■ UJ = a{uj) b-Lu — ^{b®Lo) a ■ to = Q 

a ■ p = —a*{p) b ■ p — S{b ® p) a ■ p = Kv{a ® p) 

where 7, 5 are defined as follows. 

^■.V®A^V®A^V — >V ^{v®a®a') = {a,a')v 

5:V®A^V®V* — > A^V 5{v®a®p) = p{v) a 
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The action of f)o on W defines an immersion of f)o into so(VF), whose image is closed under the Lie 
bracket and more explicitly for a, a' G s[(y), b,b' E A and a, a' G A'^V we have: 

[a, a'] — aa' — a' a [a, h] — a{b) [a, a] = a{a) 

[5, 6'] = --C(fc ® b') [b, a] = [a, a'] = 

where C is the map 

C : (F ® AV) ® (F AV) — ^ AV C {{u ® a) (u' ® a')) = (a, a') u A u'. 

The triples of Lemma SJ are {Di,Di,D2), pi,^, 2i?2), {Di,Dr,D3), {Di,Ds,Dj), ^3,^8,^5), 
(Z?5, i?8, ^2 + i?7) and p7, ^8, ^2). 

5.5.1. Computation of hi. The representation associated to Di is A'^W^. Looking at the action of s[(V^) 
we get two invariants: x G A'^X^Y ~ A'^V^A'^V and y G Y^A'^Z ~ A^T/^A^F*. We notice now that 
X is invariant also by the action of A and A'^V. Indeed if & G A then 6 • a; G A^A" ~ A^F, in particular 
we get a sl(l^)-equivariant map from A to A^V, which must be zero. A similar argument proves that 
a • a; = for a G A'^V. While it is easy to check that if 6 = ei A ei2, which belongs to A, then b ■ y j^ 0. 
Hence 

/ii = x = ei A 62 A 634 — ei A 63 A 624 + ei A 64 A 623 + 62 A 63 A 614 — 62 A 64 A 613 + £3 A 64 A 612. 

5.5.2. Computation of h^jh^jhr. Let P be the parabolic of Spin(VF) defined by g{V) C V. Notice that 
H C P. Let U be the unipotent radical of P, L its Levi subgroup, and L^^ its semisimple part. Notice 
that L^^ ~ SL(4) x SL(4). Let T C G the maximal torus of elements acting diagonally on W with respect 
to the basis ei, . . . , 64, 612, 613, 614, 623, —624, 634, ip4, . . . , (pi and B C G the subgroup of elements whose 
action on W is upper triangular with respect to this basis. The natural action of SL(V^) on W induces 
an embedding SL(T^) — > L that on diagonal elements takes the form 

{ti,t2,t3,t4) I S> (^1,^2,^3,^4, ^1*2,^1^31 ^1^4, ^2^3:^2^47 ^3^4,^4 ,^3 , ^2 ' ^1 )• 

The set of colors {-Di, D4, Dq, Dg} is distinguished, and Kq = HqU is the intersection of the kernels of 
the multiplicative characters of the stabilizer K oi a point in the open orbit of the quotient. Therefore, 
h3,h5,h7 must be i^Q-invariant vectors in V^.. Let Wi = (Vj^.)^ . This is an irreducible representation 
of L of the same highest weight of V^. : ws + wy for i = 3, a;2 + ^5 for i = 5, and coi + loq for i = 7. When 
we restrict this representations to SL(1/) we get 

W3~A3t/®T/ PF5~AV(8)AV VF7~F(g)A3l/ 

in particular there is an invariant element under \)q. 
For notational convenience, here and below, set 

65 = ei2, eg = ei3, 67 = 644, 937 = 623, ipe = -624, V's = 634. 

Let U CW he the subspace spanned by ei, . . . , 67, so that W becomes U ®U* . 

Now we need to describe the spin representations. Consider the whole exterior algebra AU* . It 
decomposes into odd and even degree parts A°'*'^/7* © A''™"^/*. Since the G-action we are going to define 
is not the natural one, we stress the difference by using a different notation: set V^n-.-ifc = V'h-ifc- Define 
the map a:W® AU* — > AU* such that 

a{ei (E)ipii...ik) = K'lj\{ipi^,,,i^ (g)ei) 

a{(pi ®iHx...i^) = Vi A'/'ii.-ifc, 
and more generally the map ct" : ®^ W ® AU* — > AU* such that 

^"(■u;! ® ■ ■ ■ ® Wn ® y) = cr{wi ® cr(- • • a{wn ® y) . . . )) 

which we can restrict to A"W^ if we think wi A • • • A Wn as the corresponding antisymmetric tensor, with 
coefficient -K. 

n! 

To get the spin representations we can just take the map a^, indeed notice that A^W identifies with 
5o(Vl^) through Wi AW2 = {w2,)wi — {wi,)w2- We thus have that the vector V'ii...ifc has weight 



V{uj6) ^ A°'^'^U* and V{ujr) ~ A°™"[/* 



19 



We get the following expressions of the iJo-invariants: 

^3 = ei23 (E) Tp65 + ei24 (8) l/'75 + 6134 «> V'76 " 6234 ® V'07 

ft-5 = ei2 ei234 A (/35 + ei3 (g) 61234 A (/?6 + ei4 «) 61234 A </?7 + 623 (E) 612347 - 624 612346 + 634 E) 612345, 

hi — ei ^ V765 - 62 ® V's - 63 V'e — 64 V'7- 

5.5.3. Computation of hg. The representation V^^ is the spin representation of highest weight wg. By 
direct computation one can show that the only iJo-invariant is given by 



/l8 = V'l + V'762 - "0753 + V'l 



654- 

5.5.4. Analysis of the triple {Di, Di, 02). The representation associated with D2 is A^T4^. The Hq- 
invariant ft,2 is 61234. Indeed, the set of colors A\{£'2} is distinguished and the quotient is homogeneous, 
hence a _ff-semiinvariant in V^ must be P-semiinvariant. 

Here we get 

Kwihi (g)/ii) = 3/12. 

5.5.5. Analysis of the triple {Di,D^,2D2). Consider the map $: M^W E) h^W ® k^W — > M^W ® M^W 
such that 

$((^1 A W2 A W3) ®x®y) = 
(wi A W2 Ax) ® ny^iv^w^) - {wi Aw3 Ax) Ei k^^ (y Ei W2) + (w2 Aw^ Ax) <Si K^(y wi). 

We have 

$(/ii (81/15) = &h2®h2. 

5.5.6. Analysis of the triple (Di,Dr,D3). Consider the map $ : A^W(g)W(g)A°'^'^U* — ^ A^iy® A<=™"C/* 
such that 

(f>((wi A u;2 A W3) (g) w (g) V') = 
(wi Aw2 Aw) (^ cy{wz ®tp)~ {wi Awy, Aw) ® a{w2 (g V') + {''^2 A W3 A w) g) (t{wi (g V')- 

We get 

$(/ii 0/17) = 3/13. 

5.5.7. Analysis of the triple {Di,Ds,Dr). Consider the map $: A^W (g A°dd[/* — y W (g) A°'^'^U* such 
that 

$((wi A W2 A W3) g) V') = 
Wi (g cr^((w2 A W3) g) i/') - W2 g) cr^((wi A W3) (g V') + W3 g" o-^((wi A W2) g) V')- 
We get 

$(/ll (g/lg) = -3/i7- 

5.5.8. Analysis of the triple {D^, Dg,, D^). On A^M^ there is a symmetric bilinear form (, ) naturally 
induced by the given form on W. On the other hand, V{uJe) and V{ujy) are reciprocally dual, so there 
is ( , ) natural non-degenerate pairing. Consider the map vj* : \oddjj* (g, ^cvcn^* — ^ A^W such that 

(«,vI/(V;®V'')) = (<^'(")^>'), 
and the map $ : A^W ® A°'^'^U* (g A'^™"!/* — > A^W (g A^W such that 

^{{wi Aw2 A w^) (g V' gi i/"') = 

(Wl AW2)g)K^H*(V'«'V'') ®W3) 
-(Wl A W3) g) K^^(^(V' (g i'') g) W2) 
+ (W2 AW3)g)K^^(*(V'(gV'') ®Wi) 



We get 



^h3(E>hs) 
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5.5.9. Analysis of the triple (I?5,D8, £>2 +i?7). Consider the map $: A^W ® A^W <» A°'^'^U* — > A^W <» 
W (g> A°'^'^U* such that 

$((u;i A u)2) (zi A • • • A 2:5) ® iJj) = 
^(-l)*+^(zi A • • • A Zi A • • • A Z5) (g) W2 ® CT^((2i A wi) (g) -0) 

i 

- ^(-l)*+^(zi A • ■ • A £, A • ■ • A Z5) ® wi ® cr^((z, A W2) V') 
i 

We get 

5.5.10. Analysis of the triple (Dy, L>8, £'2)- Consider the map $: 1¥ ® A°d'^L/* ® A°'^'^U* — > \oddjj* ^ 

^cven^* such that 

$(w g) V"8) ■0') = o'(fi' "^ V'') "Xi V'- 

Here we get that $(/i7 (g) /ig) is a [/-invariant vector of weight UJ4. 

5.6. Projective normality of comodel v^ronderful varieties. 

Theorem 5.1. Let M be a comodel wonderful variety and let C, C be line bundles generated by global 
sections. Then the multiplication map mc.c' ^s surjective. 

Proof. As in the case of the model wonderful varieties, by Lemma 12.41 we are reduced to study the low 
fundamental triples. 

Recall that in the model case we have classified, for every G of connected Dynkin type, the low 
fundamental triples {D,E,F) of the model wonderful G- variety (of simply connected type) such that 
SuppsiD + E - F) = S. 

In the comodel case, these correspond to the low fundamental triples {D, E, F) of the comodel won- 
derful varieties of connected Dynkin cotype such that Cosupp(I? + E — F) ^ A, where 

Cosupp7 = {D G A : {a' ,luu) 7^ for some a G Suppg7}. 

Let us go back to the model case. Let S be the set of simple roots. Let M be a model wonderful variety 
with set of colors A. Recall that for every low fundamental triple {D,E,F), Supp5(D + E — F) = S' 
is connected. Hence {D,E,F) corresponds to a low fundamental triple {D,E,F), of a model wonderful 
variety N (with set of colors A C A) of connected Dynkin type (with S" as set of simple roots) such that 
M is parabolic induction of N, with D, EG A, D + E-F = D + E-F and Supps,{D + E - F) = S' . 

This can be translated into the comodel case. Every low fundamental triple {D,E,F), of a comodel 
wonderful variety M (with set of colors A), corresponds to a low fundamental triple {D,E,F), of a 
comodel wonderful variety TV of connected Dynkin cotype (with set of colors A C A) such that M is 
parabohc induction of N, with D, E€ A, D + E-F = D + E-F a.nd Cosupp(L> + E - F) = A. 

Since we have already checked the surjectivity for all such low fundamental triples, we can conclude 
by applying Proposition 1 1 . 61 as in the proof of Theorem A (see Section 1478]) . D 

6. On the normality of spherical orbit closures 
in simple projective spaces. 

Let M be a wonderful G-variety with set of spherical roots S and set of colors A. Denote by H the 
stabilizer of a point xq in the open G-orbit. 

If D is in NA and ho G {Vd)\ i^ ^^e associated 7J-eigenvector, consider the orbit closure 



XD^G-[hD]cP{V^), 

which is a simple (possibly non-normal) spherical variety. We have a natural morphism (Jjd : M — > Xjj 
such that (t)DO{l) ^ Co. 

By 23 Corollary 7.6] and \f\ Corollary 2.4.2.2], every spherical orbit in a simple projective space 
always admits a wonderful compactification, so the described situation is absolutely general. As a 
consequence of the results of the previous sections, here we will show that under some special assumptions 
on M the variety Xjj is always normal. 

The variety Xo was studied by G. Pezzini in [3S] when D is ample, that is, D e N>oA. Under this 
assumption, either Xd is isomorphic to M or it is not even normal. In case Xb ~ M, then M is called 
strict: this is equivalent to the conditions H = Nq{H) and E n S* = 0. There are essentially two main 



classes of examples of strict wonderful varieties: the adjoint symmetric wonderful varieties and the model 
wonderful varieties. 

When D is not ample, the variety Xd was then studied in 33 in the symmetric case and in |18| in 
general. More precisely, the orbit structure of Xo and that of its normalization Xjj were analyzed. In 
particular, it was proved that the normalization Xd — > X]j is always bijective if M is adjoint symmetric 
or if G is of simply laced type and M is strict, while the main counterexamples where bijectivity fails, 
in the strict case, arise with the model wonderful varieties for groups of not simply laced type. 

We say that D G NA is a faithful divisor on AI if (J)d restricts to an open embedding of G/H, i.e. 
if H equals the stabilizer of [hi)]. The formalism of distinguished sets of colors allows to characterize 
combinatorially the faithful divisors. For simplicity, we restrict to the case of a strict wonderful variety. 

Proposition 6.1 (see [71 Proposition 2.4.3]). Let M he a strict wonderful variety and let D G NA. Then 
D is faithful if and only if every distinguished subset of A intersects Supp(£'). 

Let D e NA, denote A{D) = 0„gpjr(M,/:„£,) and denote A{D) c A{D) the subalgebra generated 
by Vd C r(M, £d). Let Xjj be the image of M in P(r(M, ££))*) via the morphism (pjj associated to 
the complete linear system of D. Then A{D) is identified with the projective coordinate ring of Xjj, 
whereas A{D) is identified with the projective coordinate ring of Xd. Notice that we have a natural 
projection Pd : Xo — > Xd such that (J)d = (J)d o fjjj. Since M is smooth, A{D) is an integrally closed 
algebra, therefore Xd is normal. Moreover, we have the following. 

Proposition 6.2 (see [llj Proposition 2.1]). The algebra A{D) is integral over A{D). 

It follows that /3d : Xo — > Xjj is the normalization if and only if it is birational. Clearly this is the 
case if D is minuscule or faithful. On the other hand, Pd is not necessarily birational: if M is the model 
wonderful variety of C4, then A{D2) C A{D2) have not the same quotient field. However, we have the 
following. 

Proposition 6.3. Suppose that M is adjoint symmetric or that G is simply laced and AI is strict. Then 
A{D) and A{D) have the same quotient field. 

Proof. Under the given hypotheses, using the formalism of the distinguished sets of colors, one can see 
that every morphism (j) : AI — > AI' to a second wonderful variety AI' has connected fibers, i.e. M' is 
the quotient of AI by a distinguished set of colors. Consider now the morphism 4)0 : AI — > f'{V^) and 
denote AI' the wonderful compactification of the orbit G ■ [/i_d]. Then D can be identified with a faithful 
divisor on M' and (pD factors through M', which is a quotient of AI . Therefore by Corollarv ll.4l we get 
r(M, Cno) — r(M', Cno) for every n ^ and we are reduced to the case of a faithful divisor. D 

In the adjoint symmetric case, the above proposition was proved in [111 Theorem 2.6]. 
If Di, . . . , Dm G NA, consider the variety 



^Di,.. .,!)„, = G ■ {[ho,] X • • • X [ho J) C nVo,) X • • • X nVoJ 
and denote by (J>Di....,d„^ ■ ^I — > -'^Di,. ..,!),„ the map such that 4'Di,....d^{x) — {4>Di{x), . . . ,<pD^{x)). 
Proposition 6.4 ( 6, Proposition 1.2]). Let AI be a wonderful variety and let D,E E NA. 
i) //Supp(a;£)) n Supp(a;£;) — 0, then Xjj^e — Xde- 

ii) If AI is strict and Supp(£') := {-Di, . . . , Dm}, then Xo — Xoi....,D,n- In particular, if AI is strict, 
Xo ~ Xe if and only if Supp^D) — Supp(i?). 

Proof, i) Since Supp(a;£)) n Supp(w£;) = 0, by [6j Lemma 1.1] we have a closed equivariant embedding 
■'pD,E ■■ ^(Vo) X P(Vg) — > ¥{V^^j^), and since ipo,Ei[ho], [ho]) = [ho+s] the isomorphism Xo+e ^ 
Xo,E follows. 

ii) Since M is strict, by the description of the restriction w : Pic(Af ) — > X{T) (see [33 Lemma 30.24]) 
it follows that Supp(_D) n Supp(£') — ii and only if Supp(w_D) fl Supp(aj£;) — 0. Therefore, by [3 
Lemma 1.1] we have a closed equivariant embedding tpo ■ P(V5 ) x • • • x P{Vo ) — > ^(Vo) such that 
i'Diihoi], • • • , [hor„]) = [ho] and it follows Xo ^ Xo^,...,o^- □ 

Assume now that the multiplication of sections is surjective for every couple of globally generated 
line bundles. In particular A{D) is generated by its degree one component T{AI, Co) and it follows that 
A{D) — A{D) if and only if T{AI,Lo) = Vo if and only if D is minuscule. Since A{D) is integrally 
closed, we get the following proposition which we need for later use. 

22 



Proposition 6.5. Let M be a wonderful variety and suppose that the multiplication of sections is sur- 
jective for every couple of globally generated line bundles. Let D e NA. 

i) // D is minuscule, then Xo is projectively normal. 

ii) // /?D is birational and X]j is projectively normal, then D is minuscule. 

If Di, . . . , D,n G NA and if Vi,. . . ,Vm are G-modules of sections sucli tiiat Vd; C Vi C T{M, Coi), 
consider ttie associated morplrisms (/)y. : M — > IP(K*) ^'^d denote Xy^ = (/'y. (Af). Also, we denote by 

Xy„....y„ C P(Fi*) X • • • X P(C) 
tlie image of M via tlie map 4'Vi,....v„^{x) = (^^^(a;), . . . , 4>v„^{x)) and by 

^vi®-»v„. C P(n* ® • • • ® TC) 
the image of Xvi,....Vm via the Segre embedding. 

Lemma 6.6. Let Di, . . . , Z?,„ G NA and denote D = X]i=i ^i- ^I ^It ■ ■ i ^m o,re G-modules such that 
Voi C Vi C r(Af, Cui), then the projective coordinate ring of Xv-^cgi-.-^Vm ^^ ^^^ subalgebra AiVi, . . . , Vm) C 
A(D) generated by the product Vi ■ ■ ■ Vm C T(M, Co)- 

Proof. Consider the map 4>Vi»---^Vm • M -^ Xvi^-.-^Vm ■ The lemma follows by noticing that (/)y^g,...^y^O(l) 
£_D and that 4'vi^---0V,r, • ^i '^ ' ' ' ® K^ — ^ r(M, Cd) is the multiplication map. D 

Proposition 6.7. Let M be a wonderful variety and suppose that the multiplication of sections is sur- 
jective for every couple of globally generated line bundles. Let Di, . . . ,Dm S NA and denote Ti — 
r(M, Coi)- Then the variety Xr^^-.-igirm C P(r^ ® ■ ■ • CE> T* J is projectively normal. 

Proof. Denote D — X]i"i ^i- Since the multiplication of sections is surjective, Fi • ■ • r,„ = r(M, £c), 
hence by the previous lemma A{Ti, . . . , Tm) = A(D) and ^ri(»-®r™ is a projectively normal variety. D 

Corollary 6.8. Let M be a wonderful variety and suppose that the multiplication of sections is surjective 
for every couple of globally generated line bundles. 

i) Let D.E (z NA be .such that Supp(w£i) n Supp(cj£;) = 0. If Xo,Xe are normal, then Xd^e is 
normal as well. 

ii) // M is strict, then Xo is normal for all D G NA if and only if it is normal for all D E A. 

Proof, i) Denote To — ^{M,Co) and Te — r(Af, /Is): by the previous proposition, we have that 
-^Td,Te — -^TD<8)rE is a normal variety. On the other hand since Xo and Xe are normal, we have that 
Xo,E — ^rcFi;, while by Proposition 16. 4l i we have that Xo+e — Xo.e- 

ii) Since M is strict, it follows by the description of w : Pic(M) — > X{T) that Supp(a;£))nSupp((u;£;) — 
if and only if Supp(D) n Supp(_E) = 0. Therefore the claim follows straightforwardly from i). D 

Corollary 6.9. Suppose that M is a symmetric variety with reduced root system of type A or that it 
is a model wonderful variety for a connected semisimple group of type AD. Then Xo is normal for all 

DeNA. 

Proof. By the description of the covering relation, it follows that under the assumptions on M it holds 
ht(7+) = 2 for every covering difference 7 in NA. Therefore every Z3 G A is minuscule and r(A/, Co) = 
Vo- Therefore, Xo is projectively normal for all I? G A and it follows by the previous corollary that Xo 
is normal for all D G NA. D 

7. On the normality of cones and nilpotent orbits. 

Following the same approach of [TS] and [TT] , we can apply Theorem A to study the normality of cones 
over model varieties. In particular, as pointed out by Luna some years ago, we can apply our theory to 
study the normality of the closure of spherical nilpotent orbits in the Lie algebra of G. 

Let M be a wonderful variety with set of colors A and set of spherical roots S and assume that the 
multiplication of sections is surjective for every couple of globally generated line bundles. Let D G NA 
and denote by Co C Vo the cone over the variety Xo introduced in the previous section. Analogously, 
denote by Go C T{M,£o)* the cone over the variety Xo- Then the coordinate ring of Co is identified 
with A{D), whereas that of Co is identified with A{D), which is an integrally closed ring. This yields a 
map ao '■ Co — > Co that is birational if and only if /3o '■ Xo — > Xo is birational. As already recalled 
in the previous section, A{D) is the integral closure of A{D) if and only if ao is birational, whereas 
A{D) — A{D) if and only if D is minuscule. 
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In the case of the model wonderful varieties of simply connected type we have the following classifi- 
cation of minuscule weights, where a,b,c £ N. 

Case Ar, r even: Di, D2, ■ ■ ■ , D^, aDi, aDr, aDi + Dd with d odd, Dm + bDr with m even; 

Case Ar, r odd: Di, D2, ■ ■ ■ , Dr, aDi, aDr, aDi + Dd with d odd, Dm + bDr with m odd, aDi + bDr', 

Case Br, r even: aDr, Dm + aDr with m even; 

Case Br, r odd: aDi + bDr, aDi + Dm. + bDr with m odd; 

Case Cr'. Di,D2, ■ ■ ■ ,Dr, aDi + bDr', 

Case Dr, r even: Di, D2, ■ ■ ■ , Dr, aDi + bDr-i + cDr, aDi + bDr-i + Dm + cDr with m odd; 

Case Dr, r odd: Di, D2, ■ ■ ■ , Dr, aDi + bDr-i + cDr, aDr-i + Dm + bDr with m even; 

Case Eg: £>!, i^e, a-D2, aD2 + D3, aD2 + D5; 

Case E7: Di, Dq, aD2 + bDj, aD2 + bDj + D3, 

Case Es: Di, Dq, D^, Ds, aD2, al?2 + D3, al?2 

Case F4: aDi, Di + D2, D3 + D4, D2, D3, D4; 

Case G2: aDi, D2. 

Let Q be the Lie algebra of G. If g is not simple, then its nilpotent orbits are products of the nilpotent 
orbits of its simple factors, and so are their closures. Therefore we may assume that q is simple. 

Let e e be a non-zero nilpotent element, let O be its adjoint orbit, consider an sl(2)-triple (e, h, /). 
Choose a maximal toral subalgebra t of g containing h and a Borel subalgebra b containing t and e 
and such that a{h) ^ for every a d S, where we denote hy S = {ai, . . . , ar} the set of simple roots 
defined by the choice of t and b. The string {ai{h), . . . ,ar{h)) is called the Kostant-Dynkin diagram 
of O and it uniquely determines the orbit O. Moreover, every ai{h) is 0, 1 or 2. Let 9 be the highest 
root corresponding to the choice of S and define the height of O as height(C') = d{h). The height does 
not depend on the various choices we have made (see |14j): furthermore, O is spherical if and only if 
height(C') ^ 3 (see [M]). Notice that this last condition is equivalent to say that O is {0} or it has height 
equal to 2 or to 3, see again [14 1. 

By making use of the projective normality of the symmetric wonderful varieties, in |11| it has been 
proved that the closure O is normal if height(C') — 2, which is originally due to W. Hesselink [22]. We 
now study the normality of O in the case of height(C') = 3 (see [341 Table 2]) by making use of the 
projective normality of the model wonderful varieties. 

Denote hy U ^ G/H the orbit of the line [e] G P(0) = V{V{0)), namely the image of O via the 
natural projection. As every spherical orbit in the projective space of a simple G-module, U possesses a 
wonderful compactification, which we will denote by Mq ■ In [5] we can find a description of the stabilizer 
of [e] as well as the associated Luna diagram. 



I 

II 

III 

IV 

V 

VI 

VII 

VIII 

IX 

X 

XI 



Type 62,1+1. Kostant-Dynkin diagram (10. . .01), case (13) in [S]; 

Type B2,i+TO+i. Kostant-Dynkin diagram (10. . .010. . .0) with a2n+i(/i) = 1, case (18) in [5]; 

Type D2„+2. Kostant-Dynkin diagram (10 . . . Oil), case (41) in [Sj; 

Type D2„+m+2- Kostant-Dynkin diagram (10 . . . 010 ... 0), with a2n+i{h) = 1, case (43) in [5]; 

Type Eg. Kostant-Dynkin diagram (000100), case (53) in [5]; 

Type E7. Kostant-Dynkin diagram (0010000), case (54) in [S]; 

Type E7. Kostant-Dynkin diagram (0100001), case (51) in [5]; 

Type Eg. Kostant-Dynkin diagram (00000010), case (52) in [S]; 

Type Eg. Kostant-Dynkin diagram (01000000), case (51) in [S]; 

Type F4. Kostant-Dynkin diagram (0100), case (60) in [5]; 

Type G2. Kostant-Dynkin diagram (10), case (66) in [S]. 



In particular. Mo turns out to be a strict wonderful variety, and in particular the restriction of line 
bundles to the closed orbit Pic{Mo) — > X{B) is always injective. Therefore, we may regard 6 as an 
element of N A and we have U — Xq and O = Cg. 

In order to study the normality of O, we will need the following. 

Theorem 7.1. Let O <Z Q be a nilpotent orbit and let Mq be the associated wonderful variety. Then the 
multiplication map 

mcx- ■■ P{Mo, C) ® r{Mo,C') -^ T{Mo, C ® C) 

is surjective for all globally generated line bundles C, C on Mq. 
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The rest of the section will be essentially devoted to the proof of this theorem. Notice that by 
construction 9 is identified with a faithful divisor on Mq. Therefore the normality (resp. the non- 
normality) oi O — Cg will follow case-by-case by noticing that is minuscule (resp. non-minuscule) and 
applying Proposition 16.51 

7.1. Cases I, III, VII, IX, XI: model orbits. By the description in [S], in these cases we have that 
Mq is the model wonderful variety of the simply connected group G. Notice that 9 is always minuscule 
in NA but in the cases B2„+i and G2: it follows that O is normal in the cases III, VII, IX, whereas it is 
not normal in the cases I, XI. 

7.2. Cases IV (rn even), VI, VIII: localization of model wonderful varieties. In this case Mq 
is not a model wonderful variety, however it is a quotient of a localization of a model wonderful variety 
and we still may proceed as in the case of a model orbit thanks to CoroUarv 11.41 and Corollarv l4.13l In 
order to conclude the argument, we now describe which localizations and quotients we have to take into 
account in each of the considered cases. We denote by M the model wonderful variety of G. 

7.2.1. Case IV (m even). Let N be the boundary divisor corresponding to the spherical root a2n+i = 
o.2n+i+Oi2n+2- Thcu Mq is the quotient of A^ by the distinguished subset of colors A' = {D2n+2,D2n+3, ■ ■ ■ , D2n+m+2} ■ 
Since 9 = D2 is minuscule, it follows that O is normal. 

7.2.2. Case VI. Let N be the boundary divisor corresponding to the spherical root 0-3 = Q3 + a^^. Then 
Mq is the quotient of N by the distinguished subset A' = {D2, ^Sj-Dy}. Being 9 — Di minuscule, it 
follows that O is normal. 

7.2.3. Case VIII. Let N be the boundary divisor corresponding to the spherical root erg — ag-t-ay. Then 
Mq is the quotient of N by the distinguished subset A' = {-D2, D3, D4, -D5}. Since 9 = Ds is minuscule, 
O is normal. 

7.3. Cases II, IV. In these cases we need to prove the surjectivity of the multiplication for other classes 
of wonderful varieties. Let G = Spin(fc), let r be the semisimple rank of G (i.e., fc = 2r -I- 1 if fc odd or 
k — 2r ii k even) and let 2 ^ s ^ (fc — 3)/2. Consider the wonderful variety M corresponding in [5 to 
the case (18) when k is odd and to the case (43) when k is even. 

Its spherical roots and colors are given as follows: S = {cti, . . . , CTs} and A = {Di, . . . , U^+i}, where 
(7, = at + Oj+i = Di + Di+i - A-i - Di+2 for i = 1, . . . , s - 1 and 

2(0:^+1 + ■ • • + ar) = 2I?s+i — 2Z?s if k is odd 

2(0:^+1 + • • • + ar-2) + OLr-i + ar — 2Ds+i — 2Ds if k is even 

Notice that the Cartan pairing of M does not depend on the parity of k. Also, notice that u!{Di) = uji 
for i = l,...,s + l. 

First we need to classify the covering differences for M. We omit the proof of the following proposition, 
which is essentially the same of ProDOsition l3.4l 

Proposition 7.2. Let 7 e NE be a covering difference in NA with Supp5(7) — S. Then s is even and 
7 = Lji^^^^^ ^^21-1 + J2i=^{j+i)/2 2o-2i-i +crs = Di+ Dj - Dj^i for j odd !^ s + 1. 

In particular, it follows that every covering difference for M satisfies the property (2-ht). Therefore 
by Lemma 12.41 in order to prove the surjectivity of the multiplication of sections of globally generated 
line bundles on M , we are reduced to the study of the low fundamental triples. Here, as in Lemma 14.61 
we have the following. 

Lemma 7.3. Let {Dp, Dq, F) be a low fundamental triple with Suppg{Dp + Dq — F) ~ S. Then s is 
even, p, q are odd, p + q ^ s + 2 and F — Dp^q^2- 

Proposition 7.4. Let {D,E,F) be a low fundamental triple. Then s^^^^^Vp C VdVe- 

Proof. As in the proof of Theorem A, if Supp(-D + E — F) ^ S we can proceed by localization and 
parabolic induction. Therefore it is enough to consider the triples of Lemma 17.31 

Denote by [/ = C the standard representation of Spin(fc) with the invariant symmetric bilinear form 
b. Let V C U he a totally isotropic subspace of dimension s, let uiy G A'^V be a symplectic form on V 
and fix eo e f/ \ (F ® V*) with 6(eo, eo) = 1. 

Let H be the generic stabilizer of M. Then H contains the center of Spin(fc) and its image H in 
SO(fc) is described as follows: 

H = {geSO{k):geQ = eo, gVcV, gojyeCujv}- 
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If j ^ s + 1, then we have Vd — V^('^j) = A^C/. Let hj be a non-zero iJ-semiinvariant vector m 
Vd ■ If 2j ^ s, then up to a scalar factor we have h2j — ujy and /i2j+i = gq A /i2j- The projection 
-K : AP[/ (8) k'^U — > AP'^'^~-^U is given by contraction as follows: 

7r((i;i A ■ ■ ■ A Vp) (g) {ui A ■ ■ ■ AUg)) = '^{-iy^^b{vi,Uj)vi A ■ ■ ■ A Vi A ■ ■ ■ Auj A ■ ■ ■ A Uq. 

Therefore, if {Dp, Dq, Dp+q^2) is as in Lemma [7751 we get 7r(/ip ® hq) = /ip+q-2 i= 0, and by Lemma \T?I\ 
it follows that s°i'+^-'-°i'+''-^Vd^+,^2 C Vd^Vd,- □ 

If fc = 4n + 2771 + 3 and s — 2n + 1, then M = Mo is the wonderful variety corresponding to the 
nilpotent orbit O of the case II, while ii k — An + 2m + 4 and s = 2n + 1, then M — Mq is the 
wonderful variety corresponding to the nilpotent orbit O of the case IV. By the previous proposition, the 
multiplication of sections is surjective for every couple of globally generated line bundles on Mq. Since 
6* = Z?2 is minuscule in NA, it follows that O is normal. 

7.4. Case V. The variety Mq corresponds to the case (53) in [5]. We have E = {<Ji, 0-2,(73} where 

ai ^ ai + oq ~ 2 Di ~ D3, 

a2 ^ a2 + a4 = D2 - D3 + D4, 

erg == ag + as = -Di + 2 D3 - 2 D4 

and io{Di) = loi + luq, uj{D2) — UJ2, ^{D^) = lo^ + lo^, cj(_D4) = 0^4. The covering differences are 

O"!, 0-2, 0-3, CTi + 0-3, 0-2 + 0-3, 2(72 + 0-3, fTl + (72 + "'3, 

therefore we have ht((T+) ~ 2 for every covering difference. Correspondingly, we get the following low 
fundamental triples: 

{Di,Di,D3), {D2,Di,D3), {D3,D3,Di+2D4), {01,03,2 0^) 

{D2,D3,Di + D4), {D2,D2,Di), {Di, 02,04). 

We need to show that s^^^~^Vf C VdVe for all low fundamental triples {O, E, F). As in the proof of 
Theorem A, if Supp(Z)-|-£' — F) ^ S* we can proceed by localization and parabolic induction. In this way, 
the triples {Oi, 01,03), {03,03, Oi-\-2 0i), {01,03,204) reduce to the case of a symmetric wonderful 
variety, the triple {02,04,03) reduce to a model wonderful variety and the triples {02,03, Oi + O4), 
{02,02, Oi) reduce to a wonderful variety studied in the case IV. So we are left to study the case 
O — Oi, E — O2 and F — O4, which can easily be checked via computer. 

7.5. Case X. The variety Mq corresponds to the case (60) in j5l- We have S — {(Ji,a2,<J3} where 

ai=2a4 = 20i - O3; 

(T2 = "1 + "2 = -D2 - O3 + O4; 

03 ^2a3 = -01 + 203-204; 

and Lo{Oi) = 2uj4, uj{02) = 102, ^{03) = 2uj3, a;(Z?4) = loi. Since the Cartan pairing of Mq is the same 
as that of the previous case, it follows that the covering differences and the low fundamental triples are 
also the same. 

In order to prove that s^+^^^Vp C VdVe for all low fundamental triples {O, E, F), if Supp(I? + E — 
F) ^ S we can proceed by localization and parabolic induction. In this way, the triples {Oi, 01,03), 
{03,03, Oi + 2O4), (£>!, 1)3,21)4) reduce to the case of a symmetric wonderful variety, the triple 
{O2, O4, O3) reduce to a model wonderful variety and the triples (D2, -D3, Di + O4), {O2, O2, 0{) reduce 
to a wonderful variety studied in the case III. The only remaining case, O = Oi E = O2 and F = O4, 
can easily be checked via computer. 

8. Application to the real model orbit of type Eg 

In [I], Adams, Huang and Vogan study the model orbit in the Lie algebra of type Eg. Their study 
is motivated by the so-called orbit method to construct representations of reductive Lie groups. In 
their case the group is the complex algebraic group of type Eg considered as a Lie group. In particular 
they describe the decomposition into irreducible modules of the coordinate ring of the nilpotent orbit of 
type IX (see Section [7]) and prove it is indeed a model orbit. In the same paper they also make some 
conjectures about another orbit which is the analogue of the model orbit for the split real form of Eg. 
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We start with some general preliminaries, we refer to IT] and to [5F for the motivation of these 
constructions coming from the representation theory of Lie groups. Let Gm be a real form of a connected 
and complex algebraic semisimple group G and let a be the associated Galois involution of G. There 
exists a complex algebraic involution 6 of G which commutes with a such that the subgroup K]g_ of points 
of Gr fixed by is a maximal compact subgroup of Gr. Then the subgroup K of points of G fixed by 9 
is a complexification of Kr. The Lie algebra § of G decomposes as € ® p where t is the Lie algebra of K 
and p is the eigenspace of eigenvalue —1 of 6*. An analogue of the nilpotent cone J\f is defined as 

A^e =7Vnp. 

Fix a point e G J\fg, let O be its i^T-orbit and K{e) its stabilizer. Consider the multiplicative character 7e 
of K{e) given by je{g) = det(Adg|j, ) det(Adg|j,)~^. If x ■ K{e) — > C* is any multiplicative character 
we can consider the algebraic line bundle on O given by V^ = AT '><K{e) C^- As in [1], the pair (e,x) 
is said to be admissible if O \ O has codimension at least two in O and x^Cff) = leig) for all g in the 
identity component of K{e). In this paper we need a slightly more general definition of admissible pair. 

Let G be a double cover of K and G(e) be the inverse image of K{e) in G so that O ~ G/G{e). Let 
7g denote the character of G(e) induced by 7e. Given a character x of G{e) we can construct the line 
bundle V^ as above. We say that the pair (e,x) is admissible if O \ O has codimension at least two in 
O and x^{g) = 7e(ff) ^^ all g in the identity component of G(e). Let also Gr be the inverse image of 
ATr in G. Notice that G is the complexification of Gr. The coverings of Gr are in correspondence with 
the coverings of A'r hence there exists a Lie group Gr which is a double cover of Gr whose maximal 
compact subgroup is Gr. 

According to the orbit method it should be possible to associate with any admissible pair (e, x) an 
irreducible unitary representation i?(e, x) of Gr such that the decomposition of the GR-finite vectors of 
R{e, x) into irreducible submodules equals the decomposition into irreducible G-submodules of the space 
of algebraic sections r(0, V^,-) (see [1, Conjecture 2.9]). 

8.1. The case of the complex model orbit. In [Tj the geometric side of a particular case of this 
construction is analyzed. Let Gr be the complex algebraic group of type Eg. Hence G = Gr x Gr and 
G = AT is the diagonal subgroup. So p is isomorphic to the Lie algebra of G and one can consider the 
nilpotent orbit with Kostant-Dynkin diagram equal to (0, 1, 0, 0, 0, 0, 0, 0) (case IX of Section[7]). We now 
introduce some notation, recall some properties of this orbit and deduce Adams, Huang and Vogan's 
result from the projective normality of model varieties. 

We fix a maximal torus T, and a Borel subgroup of G containing T. We denote by $ the set of 
roots and by S the set of simple roots determined by these choices. We denote also by ei, . . . ,£§ an 
orthonormal basis of X(T) such that $ and S have the following description (with respect to the choice 
given in [T] we have changed the sign of £i): 

^ = AU B where A = {±£i ±Sj : i ^ j} and 

8 8 

B = {-^C^aiEi) : a^ = ±1 and J^ a; = 1}; 

S — {ai, . . . , as} where ai = — ei — £2, 

0^2 = -^ (ei - £2 - £3 + £4 + £5 + £6 + £7 + £8) and 
ai — £i_i — Ei for i = 3, . . . , 8. 

For each root a choose also an s[(2)-triple a;^, a^, ya where Xa has weight a and j/q has weight —a. Let 

fSi — -£i + £2, /S2 = £3 + £4, /33 = £5 + £6, /34 = £7 + £8 and define 

Co = a;^i + xp.^ + xfi^ + xp^ , /o = yp^ + y^ + ya^ + yp^ 

ho = /3r + 132 + P3 + /34 = -£l + £2 + • • ■ + £8- 

These elements are an s((2)-triple and it is clear that eo is an element with associated Kostant-Dynkin 
diagram equal to (0, 1,0,0,0,0,0,0). Let O be its orbit. As we have already recalled in Section [3 the 
orbit of the line spanned by cq in P(g) is the open orbit of the model wonderful variety of Eg. Notice 
also that the stabilizer G(eo) of cq is connected in this case and has Levi factor isomorphic to Sp(8) and 
that the character jeo is trivial (see also fT). Hence we are interested in the space of regular functions 
on O. 
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The colors of the model wonderful variety of Eg are Di, . . . , Dg, with uj{Di) — cjf , where w", . . . , oj^ 
are the fundamental weights w.r.t. the simple system ai, . . . , ag. Notice also that, in the notation of the 
previous section, we have O = Cds ■ Finally the spherical roots of AI are 

ai — ae + ar, 0-2 = 04 + a^, 0-3 = ai + a^, a^ = a2 + a^, 

"■5 = as + ae, ^e = as + a4, 0-7 = ay + ag. 

Here we have ordered them so that it is clear that they are a basis of a root system of type D7. Notice 
also that, since in this case w is injective, the list above determines also the Cartan pairing c of the 
wonderful variety M . 

Theorem 8.1 ([1] Theorem 1.1]). The variety O is normal and 

\ex{T)+ 

Proof. We know that O is normal by the discussion in Section [3 in particular we have O = Cog = Cog ■ 
Moreover each adjoint orbit has even dimension so the first equality follows by normality. Since O — Cog 
we have also 

C[O]~0r(M,£„^J~ s^Kds-7- 

nDg-jGNA 

Now notice that -Dg and the spherical roots are linearly independent and that lo is injective in this case, 
so all irreducible G-representations occur with multiplicity at most one. Moreover, since the variety is 
irreducible, if V^(A) and V{fi) occur in this decomposition then also V{X + fi) occurs. Finally, we have 

Di^2Ds-{a4 

D3 = 5Ds-{ai 
D4^7Ds~{ai 
D5 = 6Ds-{ai 
De = 4 Dg - ((72 
D7 = 3Ds-{a2 
Ds = Ds-0 

hence V{u!i) occurs in the decomposition of C[0], for all i. D 

Notice that our proof of the normality of O relies on Theorem A for which we used a computer. 

8.2. From complex to real orbits: general considerations. Let G,K,g,p be as at the beginning 
of this section. Let O C g be a nilpotent adjoint orbit of the complex algebraic group G. We want 
to make some general remarks on the intersection O p. Fix e G O n p and let G{e) and K{e) be 
the stabilizers of e in G and K, respectively. The subgroup G(e) is stable under 9 and we define 
Z = {z ^ G(e) : 9{z) ~ z^^}- We have an action of G(e) on Z hy g ■ z = gz9{g)~^ and we define H^ as 
Z modulo the action of G(e). 

Lemma 8.2. 

i) Every connected component of O Cip is a single K -orbit; 

a) The map g ■ x >—^ g^^S{g) induces a bijection from the set of K-orbits in O Hp to H^; 
Hi) Every connected component of Z is a single G{e)'^-orbit (where G(e)° is the identity component 
ofG{e)). 

Proof. Set rj = —9. First notice that O fl p = O^ . Being O smooth and r] an involution we deduce that 
O^ is smooth. Take e € O^ . We prove that 

(0-e)np = «-e. 

Let g(e) be the annihilator of e in g and let y ^ q be such that y • e G p. Then 9{y ■ e) — —y ■ e, hence 
z — 9{y) — 2/ G g(e). Take u — ^z then u G g(e) is such that v — y + u ^t and v ■ e — y ■ e. 

This proves that any if -orbit in G • e n p is open. This implies i). 

Point Hi) can be proved similarly and ii) is trivial. D 
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In particular notice that if we prove that Z is connected then it follows that O fl p is a single if -orbit. 

We refine this lemma, using the Jordan decomposition. Choose an s[(2)-triple, e, /i, / such that 
Q{K) = h and 9{f) = — /, this is always possible, see [551 Proposition 4]. Let U be the unipotent radical 
of G(e) and L = {g G G{e) : g ■ h = h}. Then G{e) = L ■ U is a Levi decomposition of G{e) (see [2 
Proposition 2.4]). Notice also that L and U are stable under the action of 6. Define Zl ^ Z CiL and H^ 
as Zl modulo the action of L given hy g ■ z — g zO{g)^^. 

Lemma 8.3. 

i) The inclusion Zl C Z induces a bijection from M.\ to M^ ; 
ii) If Zl is connected then O Dp is a single K -orbit. 

Proof. Let x,y G Zl and assume that x = hy6{h)^^ with h = £u, £ E L and u E U. It follows 
immediately that x = iy9{i)^^. This prove the injectivity of the map M]^ — > M^. 

Now let z ^ iu E Z with £ E L and u E U. From 9{z) = z^^ we deduce that 6(1) = (r^ and 
9{u) = £u~^£~^. Now being U unipotent there exists a unique v E U such that w^^ = u. Using again 
that U is unipotent we deduce that 6{v) = £v~^£~^. Set h — £v£^^ then 

h{£u)0{h)-^ = £v£-^£u£-^£v-^£-^£ = £. 

Hence the map H^ — > H^ is surjective. This proves i). Now ii) follows from Lemma [5^ D 

8.3. The case of the real model orbit of Eg. In the last two sections of [1] a real version of the model 
orbit is considered. We now recall, from jl^, some of the structural results about this orbit. We also 
prove Proposition 18.51 which is problably well known and it is somehow implicit (even if not necessary) 
in the discussion in 1 . 

Let G be the complex algebraic group of type Eg and let Gr be its split real form. Then K is 
isomorphic to a quotient 2 to 1 of Spin(16), more precisely we can coniugate Gr so that t is the Lie 
algebra spanned by t, the Lie algebra of T, and by the vectors Xa with a E A. With this choice p is 
spanned by the vectors Xa with a E B. 

As a simple system for the root system of J ~ so (16) we choose the usual basis, but we enumerate it 
starting from zero, that is 

n = £j+i - £i+2 for i = 0, . . . , 6 and rr = ey + eg. 

We denote by wf the associated fundamental weights. In particular we obtain that p is the spin represen- 
tation associated to the weight w^ . Moreover, since G is simply connected the subgroup K is connected. 
Finally notice that Wg ^ X{T) while w^ E X{T). Hence the group K is the quotient 2 to 1 of Spin(16). 
We set also G = Spin(16). Notice that in [1] ii" is claimed to be isomorphic to Spin(16), but this does 
not seriously affect any of their arguments. 

In order to prove that the roots ri , . . . , ry are coniugated to the roots cri , . . . , cry introduced in Sec- 
tion 18.11 we introduce a new simple system of the root system of type Eg . The vectors 

Cl = 2(^^2 — £3 - £4 + £5)1 C2 = 2(^1 + £6 + £7 — £9)1 

Cs = 2(^2 + £3 — £4 + £5): Ca — 2(21 + £6 — ^7 + Es), 

Cs = 2(^2 — £3 + £4 + £5): Ce = 2(^1 ~ ^6 + ^7 + Es), 

C7 = 2(^^2 + £3 + £4 + £5), Cs = 2(^1 ~ ^6 - £7 — £9)1 

form an orthonormal basis of t*, and ±Vi ±Vj E ^ for i odd and j even. Notice also that 

72 = -j^iCi - C2 - C3 + C4 + Cs + Ce + C7 + Cs) = 2 (^1 - £2 - ea + £4 + £5 - £6 - £7 + £3) e $, 

71 = -Cl - C2, and 7i = G-i - 0, for i = 3, . . . , 8, 

form a simple system of <& (since they are elements of $ with the right scalar products). Hence there 
exists an element w in the Weyl group such that w{ei) — Q, for all i. Finally, notice that we have 

n = 76 + 77, 7-2 = 74 + 75, T3 = 71 + 73, T4 = 72 -I- 74, 

T5 = 75 + 76, T6 = 73 + 74, T7 = 77 + 7g 

so that w{ai) = t^. Notice also that 

•^0 = 2 (^1 ~ ^3 - Cs + C7 + C2 + C4 + Ce + Cs) = 72 + 73 + 74 + 75- 
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We denote by A the weight lattice of Spin(16) and by Ae = X{T) the sublattice given by the weights of 
Eg. We denote also by A"*" the dominant weights of A w.r.t. the simple system tq, . . . , ry and by Ag the 
dominant weights of Ae w.r.t. the simple system 71, . . . ,73. We have A^ C A"*". We denote by oj^ the 
fundamental weights of Ae w.r.t. the simple system 71, ... , 73. Notice that uj^ = Wg . 

Let now O be the adjoint orbit of g considered in Section 18.11 (notice that what was in that section 
denoted by G is now denoted by G). We want to study the intersection O Dp. Let us first choose an 
element e of O fl p . 

Consider the semisimple part Ko of the standard Levi factor of the maximal parabolic subgroup Pq of 
K associated with tq. This is a group isogeneous to Spin(14), we denote its Lie algebra by to- Let po be 
the subspace of p spanned by the root vectors of weight of the form ^(X] Oj^i) with ai — —1. Its highest 
weight is ^{—£1 + £2 + £3 + £4 + £5 + £5 + £7 — £8)- Hence it is an irreducible Spin(14)-submodule of p 
isomorphic to the module VJ^ of Section 15.5.31 

Lemma 8.4. The vector hg, of Section \5. 5. 3\ belongs to O. 

Proof. The vectors 

(2a) ?7i = i(£i -£6 -£7 -£g), ??2 = |(-£2 + £3 + £4 + £5), 

(2b) % = |(-£i +£6 -£7-£8), 774 = |(£2 -£3 + £4 + £5), 

(2c) »75 = 5(-£i -£6 + £7 -£3), »76 = 5(£2 + £3 -£4 + £5), 

(2d) 777 = i(-£i -£6 -£7 + £g), 778 = ^(£2 + £3 + £4 -£5)- 

form an orthonormal basis of t* , and ±Ui ± u^ G $ if i is odd and j is even. Notice also that 

72 = 2 ('^l ~ ''2 - V3 + Vi + V5 + V6 + VT + m) ^ £2 - £6, 

71 = -7?! - m, and J^ = 77i_i - 77.4, for i = 3, . . . , 8, 

is a simple system of $. Hence there exists an element w of the Weyl group such that w(£i) = 77^, for 
all i. Choose a representative w of w in G. Define e — w{eo), h = w{ho) = —rjl + 772 + • • • + ?7| and 
/ = w(/o). Then e{h) = h and 9{f) = -f. More explicitly, we have h = -2£| + £^ + £5 + £| + £^, 
e = xs^ + XS2 + xs.;, + xsi, where w(/3i) = (5i = -771 + 7/2, w(/32) = ^2 = 773 + 774, wiPs) = S3 = rj^ + r]e, 
w(,54) — S4 — rjY + rjs and similarly for /. 

Notice that e G po. Moreover, the two vectors e and /ig are linear combinations of vectors of the same 
weights Si, 62 J (^3, (54 and these weights are linearly independent, so they are conjugated under the action 
of the maximal torus. D 

As shown in the proof we can choose a representative w of w such that w{eo) — hg,. Set e — hg, and 
h — w{ho). In particular the stabilizer of e is the parabolic induction of the stabilizer of /ig in Spin(14). 
More explicitly, we have 

(3) i{e)^Cw^®Uo ®i)o 

where Uq" is the Lie algebra of the unipotent radical of the parabolic subgroup opposite to Pq, f)o is 
the annihilator of /ig in 60 and ujq is orthogonal to ti, . . . ,r7. In particular the Levi factor of t(e) is 
isomorphic to 0[(4). 

We now want to describe in some detail the stabilizer K{e) and apply Lemma 15731 to prove that Oflp is 
a single if-orbit. As recalled in Section I5TT1 the Levi factor L of G{e) is Sp(8) and L = L^ . Furthermore, 
notice that there is only one involution of Sp(8) such that the Lie algebra of the fixed point subgroup is 
isomorphic to g[(4). This involution can be described as follows. Define the 8x8 matrices 

, f h\ (h 

and Sp(8) as the matrices preserving the form J. Then Sp(8) is stable under the conjugation by the 
matrix p, which is an involution. Moreover L is isomorphic to GL(4). 

Proposition 8.5. If O is the model orbit of Eg and Gr is the split real form of Eg, then Onp is a single 
K-orbit. 

Proof. By Lemma 18.31 and the above discussion, it is enough to prove that 

Zl = {z e Sp(8) : e{z) = 7-^} 
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is connected. Let 2; = ( c B ) where A, B, C, D are 4x4 matrices. The condition z E Zl is equivalent to 

(4) A'^ = h + BC, D = A\ B^B\ C = C\ AB = BA* a.nd A* C = CA. 

Acting by g € Sp(8), via g ■ z ~ gzd{g)~^, we remain in the same connected component. Using g of 
the form (" t °_i ) with a G GL(4) we see we can assume that B is of the form ( g'' q) and A = (" ^), 

and using equations (|1|) we see that c = 0, a = a* and cP == 1. Then using g of the form ( (, tg-i ) and 

/? = ( !! ) we can also assume that d is diagonal. Now we choose g of the form ( g "/ ) . We get 

'A + sC B + s{A + A') + s^C^ 
C A^ + sC 

If we compute the determinant of B + s(A + ^*) + s^C we see that it is a polynomial in s and its lowest 
degree term is 4det(d). Hence there exists s such that B + s{A + A^) + s^C is invertible. So we can 
assume B invertible and arguing as before we can assume B = I4. Now, for B = I^, the equations in 
(HI) take the form A — A* = D, and C = — / + A^. Such equations define an algebraic subset which is 
isomorphic to an afFine space and, in particular, connected. Therefore Z^ is connected. D 

8.4. The coordinate ring of the real model orbit. Here we describe the coordinate ring of O n p. 
In [1] it is shown that this description follows from a vanishing result which in the case of the real model 
orbit is conjectural (see Conjecture 3.13 and Theorem 7.13 in [I]). 

Let Mg be the wonderful comodel variety of cotype Eg. This is a wonderful variety for the group 
Spin(14). Consider the parabolic induction M of Mg. This is a wonderful variety with spherical roots 
equal to ri,...,T7 and colors Dq, . . . ,D'g^, where cj(I?g) = ojq and, for i > 0, Z3,- is induced by the 
respective color of Mg (see Section [5]) . 

Let Op = Onp. Then Xp = P(Op) C P(p) is the open orbit of M, and O^ is the cone Cd for D = D'^. 
Indeed e = hs e V*,jj, ^ = V*d = KjD ~ p and Dg is faithful. 

Theorem 8.6. The cone Op is normal and we have the following isomorphisms of K -modules 

c[o;] c v{x). 

AeA+ 

Proof. Notice that the combinatorics of colors and spherical roots is essentially the same of that of the 
model wonderful variety of type Eg. In particular, since D'^ is minuscule, from Theorem 15.11 it follows 
that Op is normal. Hence, as a -?C-module we have that its coordinate ring is the sum of all the modules 
VnD' -T with n ^ 0, T G N[ri, . . . , T7] and nD'^ — T G N[iI'o, . . . , Dg]. Moreover, with t as above, the latter 
condition is equivalent to riD'^ — t G N[D^, . . . , Dg]. Now notice that w(Dg) and ti, . . . , ry are linearly 
independent (this is not true for A/g but it is true for M because of the presence of the extra color Dg). 
So we obtain that the coordinate ring of Op is the sum of all modules V{nijjg — r) where n and r are as 
above. Finally, the computation is exactly the same of that given in the proof of Theorem 18.11 for the 
model orbit of type Eg, since the two situations are coniugated by an element of the Weyl group. D 



Notice that our proof of the normality of Op via Theorem lS.ll did not require any computer calculation. 
Moreover, the description of the coordinate ring of the normalization of Op is independent of Theorem l5.1l 

The combinatorics of distinguished subsets of colors allows to describe completely the ii'-orbits in the 
closure of Op (see for example [18^), and in particular to prove that Op \ Op has codimension at least 
two in Op. Indeed, one sees that this property depends only on the combinatorics of colors and spherical 
roots, and in this case the combinatorics is the same of that of the complex model orbit, whose boundary 
has codimension at least twoo 

Here we can avoid such an argument. Below we will prove that C[Op] — C[Op] and this will also imply 
that Op \ Op has codimension at least two. 

8.5. Computation of the space of sections of a line bundle associated to an admissible pair: 
general considerations. For the next lemma we put ourself in a general setting. Let G be simply 
connected and let A/ be a wonderful compactification of G/H. Let E G NA. Let C ft. be a line in V{ijJ*^) 
where H acts with character £^e- Assume that the stabilizer of C/i is equal to H and let Hq be the 
stabilizer of h. Furthermore, assume that £,e induces an isomorphism of H/Hq with C*: we identify 
H/Hq with C* using this isomorphism. Finally, notice that H/Hq acts on the right on G/Hq. 



Hero codiinQ-(0 \ O) = 16 and codiniQ— (Op \ Op) = 8. 

31 



Lemma 8.7. Let D G ZA and let x denote the restriction of ^d to Hq. We have the following isomor- 
phism of G-modules 

TiG/Ho,V^)~ Vo+nE-.- 

nGZ,crGZS: 
D+nE-crGNA 

Proof. We have 

r{G/Ho, Vx) ^ (C[G] ® C-^f" ~ V{X*) ® {V{X) ® C-^)''". 

Now notice that H acts on {V{X) C_^)'^° and so the latter decomposes according to the action of a 
character of the form £^d + n^E- Moreover, all these eigenspaces will be of dimension one, since H is 
spherical. Hence we have 

\ex(T)+,nei 

Now recall that the space of spherical vectors V{ujp)\ ' is nonzero if and only if F e NA, and 
Cf = io+nE if and only if F = _D + nE — cr for cr G ZS. D 

Let us specialize this identity to the case D — Q and compare the coordinate ring of G/Hq with the 
coordinate ring of the normalization of its closure in ViLo"^). Since 



C[Ce] = 0r(M,/:„£) ^ VnE-a, 



n>0,(TGNE: 



we have the following. 



Lemma 8.8. The equality <C[G/Hq] = C[Ce] is equivalent to the fact that, for all n E Z, and a G ZE, if 
nE - a e NA then n > and a G NE. 

We now apply this lemma to our special case in which G is Spin(16), i/o = G(e), M is the wonderful 
compactification of Xp and E = D'^ . 

Lemma 8.9. For all n e Z and a G ZE, if nD'^ - cr G NA then n ^ and a G NE. 

Proof. Write nD'^ — a = X)j=o ^i^'i and notice that the conditions oi, . . . , ag ^ are equivalent to the 
conditions obtained from Theorem lS.ll bv applying Lemma [8.8l to the complex model orbit of type Eg. D 



From this and Theorem 18.61 by applying Lemma [5T51 to the real model orbit, we get that 

8.6. Sections of the line bundle associated to the admissible pair for the real model orbit. 

We now want to compute the characters 7e and 7^. For this we further analyze the stabilizer T(e) of e 
in T. Let A^ be the lattice dual to Ae. Recall the definition of the vectors rji given in the equations ([2]) 
and denote by 77* the vectors of the dual basis. Let x\ = -qX + 772 and x* = 7722-1 ~ ^21 for * — 2,3,4 
and define R^ as the sublattice of A^ generated by x\,...,x\ and R^ as the sublattice generated by 
x\-\-X2tX\+x%,,x\+xX. Then R^ and R^ are direct factors of A^ . Finally, let Tq be the maximal torus 
of Kq (the subgroup of K isogenous to Spin(14) introduced above) contained in T and To(e) = r(e) flTo. 
We have 

T = A^ (g)z C* , T{e) = R"" (^zC* and Tq (e) = ijj^ ®z C* . 

We already know that the Levi factor of K{e) is isomorphic to GL(4) so that any character is a power 
of the determinant. We describe now the center of GL(4) and the determinant as an element of dual 
lattice of R^ . Let z* = x\ — X2 — x%, — xX — 2e\ + £3 + £3 + £4 + £51 t^^cn using the description of ()o 
given in Section [5751 it is easy to see that z* is a central cocharacter. In particular, if i?^ = Zz* then 

Tz = Rl ®-L C* 

is the center of L ~ GL(4). Now we compute the character 7e. We have already noticed that it is enough 
to compute its restriction to T. Moreover its restriction to To(e) must be trivial since SL(4) has no 
characters so we compute its restriction to Tz. Using the description of the stabilizer i{e) in ([2]) and the 
description of f)o given in Section [53] it is easy to prove that (7e, z*) — 4. Hence we see that 7e restricted 
to the Levi of K{e), which is isomorphic to GL(4), equals the determinant and 

7e = xi - a;2 - X3 - X4. 
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In particular it is not the square of a character. However, on the cover G oi K wc can consider the 
character —oj^ = —ei, and we denote by x its restriction to G(e). We have 

X = ^Xi - X2 - ^3 - x^) = ^7^. 

Notice that ^£,1 = x- Indeed, a;^)' = oJq and G{e) contains the unipotent radical Uq of Pq . Hence the 
only G(e)-seniiinvariant in V{ijJq) is the lowest weight vector which has weight — Wg . 

We now describe the space of sections T{Of,V^). In [I] the same description follows from a vanishing 
result which is not proved in this case (see Conjecture 8.6 and Theorem 8.10 in [1]). 

Theorem 8.10. We have the following isomorphism of G -modules 

r(0p,vj2. v{u^ + x). 

AeA+ 

Proof. We have seen above that S^^' ~ x- Hence we can apply Lemma [8.71 with D — D'q and E ^ D'^. 
We obtain 

Do+nDg-o-eNA 

Write D'q + n_Dg — a = X]i=o o-i^^'i- Notice that as in the proof of Lemma [S7^ this implies oi, . . . , as ^0. 
Hence we obtain n ^ and a € NE. In particular the condition ap ^ is automatically satisfied. As 
already noticed in the proof of Theorem l8.6l A^ consists of the weights of the form uj{nD'g^ — a) for n ^ 0, 
cr e NS and nD'^ -a e NA. D 

9. Degeneracy of the multiplication. 

Here we give a counterexample to the surjectivity of the multiplication of sections of line bundles, on 
wonderful varieties, generated by global sections. 

9.1. Counterexample. Let G be S0(2r + 1) and let M be the model wonderful variety for the group G. 
It is not isomorphic to the model wonderful variety for Spin(2r + 1). Its set of colors A = {Di, . . . , Dr} 
is in bijection, via w, with the set {wi, . . . , Wr-i, 2uir}. Its set of spherical roots is {ai + a2, . . . , ar-i + 
ar,2ar}. Ifr = 2 or r = 3, then the multiplication of sections is surjective. Set r = 4 and consider the low 
triple {D2,D2,Di): then V{uji) ^ V{uj2)'^'^, hence s'^^^-^^Vd^ g. V^^. In particular, the multiplication 
of sections is not surjective, for all r ^ 4. 

9.2. Degeneracy of the multiplication. Roughly speaking, in its nature the previous example does 
not express a lack of the multiphcation, but rather a lack of the tensor product. Indeed V{uii) <^ V{uj2)^'^ 
but V{2uJi) C V{2uj2)^^, so that it expresses the fact that the saturation property does not hold for 
groups of type B: similar things cannot happen if G is of type A and, conjecturally, whenever G is 
simply laced. It is worth noticing that the same situation holds if we consider the multiplication of the 
wonderful variety considered in previous example: s^^^~^^Vdi <t- ^d ^^^ s'^-^^^^^i V2D1 C Vji) • 

We briefly recall what the saturation property is. Let G be a simply connected almost simple algebraic 
group. We say that the saturation property holds for G if, whenever d > and \,^,v € A"*" are such 
that 1/ s$ A + ^ and V{dv) C V[dX) ® V{dfi), then it holds also F(j/) C V{\) ^ V{^l). In [27] A. Knutson 
and T. Tao shown that the saturation property holds if G is of type A, while in [Mj M. Kapovich and 
J. Millson conjectured that the saturation property holds whenever G is simply laced. 

We want to consider the saturation property in the more general context of the multiplication law 
attached to a wonderful variety, the classical case corresponding to the wonderful compactification of an 
adjoint group f [231 Lemma 3.1]). We say that the saturation property holds for a wonderful variety M 
with set of colors A and set of spherical roots E if, whenever d > and D,E,F G NA are such that 
D <s E + F and s'^^^+^-^^VdD C VdEVdP, then it holds also the inclusion s'^+^-^Vd C VeVf- 

Suppose that M is a wonderful variety and let E.F G NA. Then the following inclusion holds 



VeVf C s^+^-^Vn. 



D e NA : D ^s E + F 

V(ujd) C V{uje) ®V{uif) 

If the equality holds in the previous inclusion, then we say that the product VeVf is non-degenerate, while 
if the equality holds for every E,F € NA then we say that the multiplication of M is non- degenerate. 
It is easy to show that if the multiplication of M is non-degenerate and if the saturation property holds 
for G, then the latter holds for M as well. 
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Another equivalent description of the multiphcation follows by identifying sections of line bundles on 
M with i?-semiinvariant functions on G, H acting on the right. More precisely, given E £ NA, we may 
identify T[M,Ce) with a submodulc of C[G]^^'. This yields a decomposition 

BeNA 

which is compatible with the multiplication of sections, therefore we may also regard the product VeVf 
as the restriction of the natural multiplication in C[G]^^\ 

Example 9.1. Let G — SL(2) and consider the basic case of the rank one wonderful variety M — ¥^ xP^, 
whose generic stabilizer is the maximal torus T. Then E = {a} is the unique simple root of G and 
A = D+,D-, where D+ = P^ x {[1,0]} and D- = {[1,0]} x P^. Moreover a = D+ + D- and 
uje>+ = ujd- = 1 equal the fundamental weight of G. 

Given n e N, identify the simple G-module V{n) of highest weight n with C[a;, y]„, the set of homoge- 
neous polynomials of degree n in two variables. Given aD^ + bD^ e NA, the corresponding T-eigenvector 
is h{a,b) = x'^y^. 

The projection Tr^ : V{a + b) ®V{c + d) — > V{a + b^-c + d — 2m) is described on the basis of 
T-eigenvectors as follows: 

.^/ « .V ^ ^i:j-^ruivi (;;) Q (;;) (;;) .^+^-'",^+-™. 

As shown by the following two examples, the multiplication of M is degenerate. 

- Consider D+ + D" <s 2(D+ + D"). Then V{2) C y(2)®2 but 7r2(/i(l,l) (g) h{l,l)) = 0, so 
that Vij++D- 't- ^D++D-- This can also be explained since V{2) is not contained in the second 
symmetric power of V{i). 

- Consider 21?+ + D-^ s^s {2,D+ + D') + {D+ +2D-). Then y(3) C V{A)®V{i) but 7r2(/i(3, 1) 
/i(l,2)) = 0, so that V2D++D- t V3D++d-Vd++2D-- 

More generally, the multiplication is degenerate whenever S n 5" 7^ 0. This can be reduced to the 
basic case of SL(2)/T as shown in the following proposition. 

Proposition 9.2. Suppose that Sn E 7^ 0. Then the multiplication is degenerate. 

Proof. Let a G S* n S and suppose that the multiplication is non-degenerate. Consider the rank one 
wonderful subvariety M' defined by intersecting all the G-stable prime divisors M"' with u G S \ {a}, 
denote A' its set of colors. Then M' is the parabolic induction of a wonderful variety for SL(2) isomorphic 
to P"'^ X P^, whose generic stabilizer is a maximal torus of SL(2) and whose set of colors is identified with 
A' (a) = {D G A' : PaD ^ D}, where Pa denotes the minimal parabolic associated to a. It follows then 
by Corollary O that, for every D' G N[A' \ A' (a)], Vd'Ve' = Vd'+e' for aU E' e NA'. 

Let D',E',F' e NA' be such that D' <e/ E' + F' and V{ujd') C V{uje') V{ujf'). Denote p : 
Pic(Af ) — > Pic(M') the restriction. From the combinatorics of colors and spherical roots it follows that 
there exist E'^, F^ e N[A' \ A' (a)] and E,F €NA such that E' + E'^ = p{E) and F' + Fl^ = p{F). Let 
D ^E + F-{E' + F' -D') and notice that L» G NA and D' + Eq + Fq = p{D). Moreover the inclusion 
V{ujd') C V[ijJe') ® V{uf') imphcs that V{ijJd) C V{ijJe) ® ^(0;^), hence the non-degeneracy of the 
multiplication of M imphes that Vd C VeVf and it follows Vd'+b'+f' C Ve'+e'Vf'+f' ■ On the other 
hand, by Corollary [L71 Vd'+e'„+f^ C Ve'+e'Vf'+fi, = Ve'Vf'Ve'^+f^ if and only if Vd' C Ve'Vf' ■ 

Therefore, we have deduced that the multiplication of M' is non-degenerate, but this is a contradiction 
by the previous example together with Proposition ll.61 D 

Given a spherical subgroup H <Z G, define its spherical closure H as the kernel of the action of the 
normalizer Nq{H) on X{H). If H is equal to its spherical closure, then we say that H is spherically 
closed. By a theorem of F. Knop [23 Corollary 7.6], if H is spherically closed then G/H admits a 
wonderful compactification. If G is not simply laced, then not spherically closed spherical subgroups H 
such that G/H admists a wonderful compactification exist. The projection G/H — > G/H canonically 
identifies the colors of G/H with those of G/H. 

Generally speaking, if M is the wonderful compactification of G/H where H is not spherically closed, 
then the multiplication may be degenerate. Indeed, it is easy to show that C[G]'^^-' = C[G]^'^\ therefore, 
if S is the set of spherical roots of G/H and if D G NA is such that Vu C VeVf, then it must be 

34 



D ^jT E + F. In this way we may construct examples of non-spherically closed spherical subgroups H 
of G (possessing no simple spherical roots) whose associated multiplication is degenerate. 

Example 9.3. Consider the non-adjoint symmetric wonderful variety M for Sp(8) with spherical roots 
<7i = ai + 2a2 + a3,(72 = a^ -\- a^. Then M possesses two colors D2 and 1^4, where ljd^ = uj2 and 
ijJo^ = W4. Then we have D2 <s 2D2 and V{uj2) C V{lu2)'^'^, on the other hand S = {ai,2(T2} and 
2D2 - D2 ^ (Ti + a2 ^ NS, therefore it cannot be Vd2 C V^^ . 

Suppose now that M is a strict wonderful variety and suppose that E,E ^ NA are such that E + F 
is not faithful. The following example shows that the product VeVf may be degenerate, essentially 
reducing to a not spherically closed case. 

Example 9.4. Let M be the model wonderful variety of type C4. Then D2 <s 2D2 and ^(^2) C ^(^2)®^ 
(more precisely, ¥{102) is also contained in the second symmetric power of ¥{102))- Notice that 2D2 is 
not faithful: the maximal distinguished subset of A which does not intersect the support of 2Z?2 is A* — 
{Di^D^}, and the quotient M/A* is the symmetric wonderful variety M' considered in Example 19.31 
whose colors we still denote by D2 and D^. By Corollarv ll.4l we may identify r(Af, £1)2) = r(M',££)2) 
and r(Af,£2£i2) = r(M',£2£i2)> so that we may regard the product V^^ inside r(M',£2_D2) a-nd by 
Example [13] it follows that Vd^ t- V^^. 

Question. Let M be a strict wonderful variety and let E,F ^ NA be such that £' + F is a faithful divisor. 
Is the product VeVf non-degenerate? 

Suppose that G is simply laced: then the class of the strict wonderful varieties is stable with respect 
to the operation of quotient by a distinguished set of colors, so phenomena as that in Example 19 .41 cannot 
happen. Therefore, if the answer to the previous question was affirmative, proceeding by induction on 
the rank of M, it would follow that the multiplication is non-degenerate whenever M is a strict wonderful 
variety for a simply laced group. 
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